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Mathematical Methods (CAS) Exam 2: SOLUTIONS

Section 1: Multiple Choice Questions

I.B2.B3 A4ESE6BT7AS8ADOIC
10.D 11.D 12.C 13.D 14.A 15.D 16.D
172.A 18.B 19.D 20.E 21.C 22.C

Question 1

flgx) = % +1. The range is (1,00). B
X
Question 2
dg=dp N dfwhich is (1, 2).
g(x) =~ 1)*(x +2)(1 - x)
=—(x—-1)°’(x+2) B

Question 3

Translation 5 units up:
y—=y+s5

Reflection in the y-axis
X——x

Dilation by a factor of 3 from the x-axis
y—3y+5)

Dilation by a factor of 2 from the y-axis

D)

The graph has the shape of the graph with
4

X — 2x

Combining these:
x -2x

T

(LD [3y + 5]

Question 4

rule y = (ax)3 +1 or y = (bx)> + 1, where

a and b are real constants. Whenx =2, y = 2.
4
Thus,y=x>+1and y = x> +1 are

not possible. y = (ﬁ

3
) ol
2

Question 5

Solving the matrix equation gives

3k+4
5 +5
k==2
3k+4
YIFl =3
ke=2
z 4k+6
T2
| k-2
e H}Jﬁ-ﬁr-a 5 Jthpuver-TF'r-ngmIDTCIE?PT e |
100 %w
(3 k+4)
810 —m
0o '2-(§-k+3)
KZ-2
Eef([[ﬂ,'k,i,:i][i,i,ﬁ,S][1,'...
MAIN FAD AUTO FUNC 299

There will be no solution when
B-2=0,ie k=+J2.
A unique solution for k€ R\ {i V2 }

Question 6

?}5 Phase shift = 7w/2

Translation = 4

L
9 +

8 / \

7 -

%- Amplitude = 5 /
Ml A /
2 +

1 +

o

= Ly ..0 b 3 4r
-2+
L3 Period = 4n
__4 4
L5 1
Amplitude =5
Period = 47
Rule is of the form y = acos(n(x—¢€)) + k
a=95,¢= E, k=4
2
Period = 2—“, therefore n = 2_7: = l
n 4T 2
Rule iSy:SCOS l X—E +4
2 2
or y =5c¢o0s L T
2 4

X
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Question 7

When graphing product of functions, the key
points occur when either function has the value
of £1 or 0, as illustrated in the diagram below.
Mark these key points.

Then “join the dots”.

y

W | A

-1

Question 8
g(x) =3 " +3)
=3¢+ 9

The graph of g has an asymptote at y = 9.
Thus the graph of the inverse of g has an
asymptote at x = 9. A
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Question 9
The graph of y = ¢* has been reflected in both x
and y axes, and then translated up.

Reject option B because it does not show the
translation up. None of the other options
indicate the possibility of a translation parallel
to the x-axis.

Ignoring the magnitude of any dilations
(because there is no scale on the axes), the
transformed graph will be of the form

y =—e "+ k. Since b <0, require

y=-ae™ +k. C
Question 10

This is a property of logarithms.

—a 1
—alog, (| x[)=log, (jx|*) = log{| x|’ J

This may be confirmed using CAS. D
< e f1gebralcalc|other Praniofc1ean Up

Done|
Dol

= HewProb
= Define £x) =1n(:x)

= a1l = f

5 truel

(1)
~a¥f Cabs{(x>>=f{1l/abs{x>"a)
MHAIN EAD AUTO FUNC /93

Question 11

The coordinates of the turning point of
y=2(x—3)° + 4 are (3, 4). The tangent is
y=4. D

Question 12

1)- f(-2
The average rate of change = %
3
1 .
3

1dFzr| Fiv |Flr| FE- Fir Fie
War|Ficd|Eelug|Unik|FembaT)internat!|Tool

Do

=143

mOefine fx)=[Z - =
o F010 = £ -2
1--2

FUHC

L]

SOLUTIONS — continued
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Question 13 Question 15

The graph of y = loge|x - 1| is shown below. Sketch both curves and find the intersection.

Intersection
1z

#ih . FIET g i 2. 09324
MAIN FAD AT FUNC

Graph f(x) — g(x)

1 Fir|rer |F2 (79

X — 1| = —1 for xe R \{ 1 } D Tools|zenm Editrrj
X —

“FLOTS

wyl=cos(2-x)+ 2
E2e e - w200

. “IYS= ®) = 20K

Question 14 il

HE=

yd Cxa=

HAIN FAD ALTD FINC

ilo
dx g.

>

. 0.7387
Find [ (/(x) - g(x))dkx
[TEH: zEEFqu-B-:e rsesrpuphlr:ast'hmgﬂu PFEEF_]

(O8]

Y
] > X “”’f{ N
0] /l 2 4

JE O hdx=. SBEUBE\E\
RN FAD AUTO FUNL

The area of the rectangles = log,(2) + log,(3)
OR

Fir| Fex [Fe=| Fi= [ FE | F&= |
Too1s|msm~u -:a'lclutner Framml0|Clean u»[_]

=log,(6) A

a [l — g200dx

« SEZEEEE

Egl (=20, x, 0, 0. F3EF)
AN RAD AUTO FUHC 1730

. J.?ss?




Question 16
1 b

js(x)dx

Average value =

a

Therefore, lJ‘s()c) dx =8
n 0

Solving for n gives the result n = 66, days.

(FT T Fiv Trzv‘ Fiav | FE [ [ T]
|vﬂ Algebra|Calc|Other |PramId Cle;n Up

" lefine s(x)= '5-505[ ?Sg] +12

Done

. solue[%-fg s(dx =3, n] n = 65.8875
solue(1/n*\l’(s(x).x.ﬂ_,l;lgs=8.n)|
7

MAIN KD AUTO FUNC

Question 17

f'has a minimum turning point at x = —1 and
a stationary point of inflection at x = 2.

Question 18

Let X denote the number of children with
blue eyes. X ~ Bi(n =3,p :i)

Pr(X 21)=1-Pr(X =0)
:1_(5)3
4
ae
64

_37
64

Question 19

2
X

1 for xe {-1,0,1, 2}
10

p1)=0.2, p(0)=0.1, p(1)= 0.2, p(2) = 0.5

E(X)=2 xp(x)
=—1x0.2+0x0.1+1x0.2+2x0.5
=1

k1 ditraloote other FramIofc1enn Us| |

p(x)=

241

B Oefine pix) =15 Do

2
3 (xep)) 1
=1
ECx¥p(x), x,.~1,.2>

HAIN EHD AUTO

FUMC /98

D

A
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Question 20

The mode is the value of ¢ that gives the
maximum value of £(?).

S
A
1
4—0 t
T kL
4 2
: T
By symmetry, this occurs at 7 E

Question 21
T~N(u =96, > =12?)

L Car =. 121673
Low Wal =110
Up Ual =o
i =96
a =12
Enter=0K

| I
listilil=
HMAIN

EAD AUTO

FUNC 1/ 8

Pr(X> 110) = 0.1217
Approximately 12% exceeded the limit. C

Question 22

The transition matrix must be of the form,

l-a b
a 1-b
An element of the initial state matrix may be a
cardinal number or a proportion: that is,

S, = |:p:|’ where p + g = n(§), p,qe Z"U{0},
q

:|whereO§a§1and0§b§1.

orSO:|:1r ],whereOSrSl.
—r

[0.35 0.55

27
and are the only pair of
0.65 0.45 33

matrices that meet these criteria. C

SOLUTIONS — continued
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Mathematical Methods (CAS) Exam 2: SOLUTIONS

Section 2: Extended answers

Question 1

a. For a probability density function,

Jv(t)dt =1. Therefore,

0+z—ﬁ(t3—1512+63t—81)dt:1 1M

(dt must be shown to get the mark)

Solving this equation for & gives the result

that £ =9, as required.

Fx T B T B 'l’ Fiy FE F&
- E ngerjr*a Ca lvc. lJt.hE-r:l’F'r*gmIDTCle-ar'nv Up

u Define wit) =—ae (£3 - 15424634 - 51)

Dol

b. A
03T
02T
0T T
5t .
-1 L2 3 4 5 4 7 3§ 10
= f|z0om[Trace Regraph|Math[Draw]» ¢ |if
[RERS LTI
HCET . gl 2962963
AIN EAD AUTO FUHC
- 9|A1 gébralCalc |otherPraniolClean Up
W Define wit) =1'—918»[+.3 -15-t2+63 - 51)
Do
" solue[%{u(t)] =0, t] [tz3 and t 23
t=7 or t=3
(7 827
ALY EAD AUTO FUMC /83
Correct shape and skew 1A
Correct domain and axes intercepts 1A
Correct exact stationary point 1A

¢. For the median, Jv(t)dz =

T 1
3 .5.

Solving for m gives m = 6.69

(correct to two decimal places)

The median incubation period is
6.69 days.

1 5 FEw [ Fav FE 5
- a Alasbra|Calc|0ther|PramId|Clean Up

n Define w(t) =1'—|318»[+.3 15424634 -51)
Dot
g 50109”2 u(tidt = 1.2, m] |mz3 and mz9
M = 6. 685634531
WCED .3 m)=1/2 . m)Im?3 and mf.
MAIN EAD AUTO FUNC £,/93

. X~ N(5,6%), Z ~ N(0,1)

6 hours and 15 minutes = 6% hours
Pr(Z<z)=09

z = 1.28155
alcD
= Inugrse Normal...
Inverse =1.28155 [ F22=2
Area =9
W =0
T =1
(Enter=0E__»
listi[1]1=
HAIN RAD AUTO FUNC 176
x —_—
z = Ll
o
1
6-—-5
1.28155 =
(&)
c =0.98

The standard deviation is 0.98 hours

1M

1A

1M

1A
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e. Let Y be the number of patients for whom

the response time to the drug is more than

6 hours 15 minutes.
Y ~ Bi(10,0.1)

10

Pr(r22)=Y"C,(0.9)"(0.1)""

n=2
210 =1 InEW=x3
i Einorial CdF... e
| T =, 263901 P
" =10
P =.1
Low Ual =2
Up Ual =10
Enter=0K
| | |
listi[11=
HAIN FAD_ADTO FUNC 176

f. Y~ Bi(k0.1)

M

1A

Consider the case where there is 95% chance.

Pr(Y > 1) = 0.95
1 — Pr(Y = 0) = 0.95
1 - 0.9 =095
0.9 =0.05
k= 28.43

1 Fz F3 F4 FE [
- E ngeEr*a Cafc DLhE-r*TPr‘ngDTC]ear: Up

mzolueli.o® =05, K k= 28,4332

lue( .2~k=.05.k>
Ml

] RAD AUTO FUWC 188

Round up because k € Z" and the
probability must be at least 95%.

The least value of & is 29 patients.

g. Fluaway Blugone
Yesterday Yesterday
Fluaway 0.8 0.3
Today
Blugone 0.2 0.7
Today
L Pr(Btomorrow|Bt0day) =07

1M

(using numerical solve/ solver)

1A

1A

27

ii.

ii.

MAV MATHMETH(CAS) EXAM 2/2007 SOLUTIONS

S,=T*xS, 1M

o8 03]'[1
02 0.7 0
_ 0.625
0.375
PrBryidarl Frtondar) = 0375 1A
< £2[n1debracalc|ther Praniofclean up
[:2 Gl [2 7]

“[e]> = o

LR

[t~4%s 0
IN

Al

RAD AUTO FUNC_=/889

Consider, say, the 20th and 100th states.

T %8, =T" xS, = 0.0
0.4

Fx T FEv Trsv‘l’ o T FE T [ T ‘l

- p AlaebralCalc|0ther |Prgnld(Clean Up
[.2 .77F [.z .7]
1 1

.[D] + =0 [D]

.20 [-6
t =0 a4

w100 [-6]
t =0 a4

t~100%=0)

HMAIN RHD AUTO FUNC 4/959

In the long term, the proportion of
days where Blugone is prescribed

is 0.4 -~ 1A
) 1- b

Alternatively, if 7 = ¢ s

| «a 1-b

,1 L
thenasn — o, § — a+b

a
L a+b
a 0.2 g —04

atb 02403 5
This formula arises from the fact that if

X
the steady state, [ . ] , has been reached

then the next state will also be [ ;x] .

Solving the matrix equation

Tl_x _|1= ivesx:—a
X B X g (l+b'

Filr| F2x |[FZ=] Fir | FE Fi+
Tools(A13cbra|Calc|Okher |FEami0|CTean Ue

1-a b 1-=
a 1—h].[x ]-’

=2
a3+ h

Lo l-blk[l-wsx]=l1-xgx],xd
MAIN RAD EXACT  FUMC 1,30

¢ sotee

SOLUTIONS — continued
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Question 2
a. f(x)=A(x?-5)

2= A(0-5)
4=
5

1

b. endpoints (-5, 2(5E —1)) and (5,

1M

1

25°-1) 24

turning point (0,—2) and correct shape 1A

3 3
x-intercepts (—54,0) and (54, 0)

|[F13[rzv] Fir IrnvI FEr ‘[ Fhr rr?v] ‘l

Var || EeTug|Unit|Eembo|internak' 1| Tool

" Define i) =25 [x%3 - 5]
Do

= f( -5 2513 4]

2 (5173 -14]

FRD AUTO FUNC ERED]

iqFe~| F3= [Fuir[_ FE- Far Fir
| '.'arlf(x!llsﬂu-z Unit|Sembolfinkernak'] T-:--:-1| |

T

"5 2.(5173 1)
" (S 25173 4]
®zoluelfix) =0, x)

w= -5 gp =539

solvedf (xi=0,x)

RAD AUTO FUNC HAZ0

~<

2A

(5, 25 - 1))
(53,0/

1

10,-2)

1

¢. Max depth =2+ 2(5° -1)
1

=2(5°)m

=1

1A

28

|‘F1 T Fiv Irsv‘l‘ r"v‘]’ FE ‘l’ i T]
'a Algebral|Calc|Other|PramI0|Clean Up

MAV MATHMETH(CAS) EXAM 2/2007 SOLUTIONS

4

2 51 —
. _ “ 3 _
d. i. 4= 2x5J0 (x3 =5)dx

3

16(5%)

HAIN

.z

ii.

ii.

= Define f(x) =2/5~[x4/3—5] Done|
34 5344
: “ oix #

RAD AOTO FUNC 2799

3
_ 160005%) s

7
V' =10004

1
=1000( base x height)

3
=2000x54

= 6687.40 m’ correct to two dp

av _dn dv
dt dt~ dh
YV pxY
dt dh
1
V =1000— bh
2

Using similar triangles:

1 3
2h s
ho 2
3
1 4
—b=5—h
2 2
3
V =500x5%h?
v :

O —1000x5%h
dh

3
@ 02x1000x5%
dt

3
=-20x54hm’h

1A

1A

1M

1A

1A

1M

1A

1M

The rate at which water is decreasing

3
is 20 x54hm’/h

SOLUTIONS — continued
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Question 3 o 1
ii. Dilation by a factor of 3 from the

a. 12=4xB> . () x-axis

_ 4
4B=AxB .. Dilation by a factor of 6 from the

B=2,asB>0 1A y-axis. 1A
4=3 1A Translation of 1 unit to the left 1A
iii. Asymptote: x =—1 and shape 1A
Coordinates of the x-intercept: (5, 0)
"soluel12=3 b2 20d 43 Coordinates of the y-intercept:
e e e | Lo
0, > logz(g)) 1A

1 7

b. Dilation by a factor of 3 from the y-axis:
=3 x 2% 1A
g (5,0)

1 2 3 5

y=g;

Translation of 4 units parallel to the x-axis:
4
3(x—§))

Translation of 1 unit parallel to the y-axis:

1 1
0,—1 —
y2:3><2(3"‘4>:3><2( (0,5 log2 ()

)
2,(x)=3x2%"Y 11=3x2 +1 1A
Range (1, ) 1A

¢ i gy(x) =3 %207
Lety =3 x 2D _|

Inverse: Swap x and y

x=3x2@* 1 M
22y+1_x+1
3
x+1
2y+1=log,( )
-1 1 x+1 1
83 (X)ZEIng( 3 )_5 1M
1 x+1
=—1
5 0g,( 6 )

Fir| F2r |[F3«| Fir | F5 Fir
Tools|A13ebrajCalc|0ther |Frami0|Clean Ue

maoluelx=3-229%1_4 ]

A

SOLUTIONS - continued
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Sketch both graphs and find the
intersection and x-intercepts.

Filr| Fer| FZ F4 g
Tools|2oom|Trace|Redrarh|{Math|Draw|Fen):-

Intersectio
] -.53?3?43 gl 1. 8485226
TAIN FAD ALTO FUNC

FZ Fz
TOO“ 2o

/

xc. '1 292481 g 4. e-14

HMAIN KAD AUTO FUNC
4 J- —-0.53737 dx 5 _1 d
= + J‘ X)|dx
1.292481 g3( ) 0.53737 &3 ( )

[Fivr Fir T
TooTs|2oom|THACE Reﬂruph Muth DFaw|Fenf-

i

SO dx=. 57832826
RN FAD AUTO FUNLC

Fz H
To-:-'ls 2-:--:-m THaCk Reﬂruph tath|DFaw(Fen):

SECxIdx=3.1391892
TAIN FAD AUTO FUNLC

A ~0.578328 + 3.139189

= 3.7 units” correct to one
decimal place

Fi=| Fi= |Fi=| Fi=r | FE I Fi~ | |
Tools|A13cbra|Calc|0ther |Frami0|Clean Ur

S L OETET =]
'J 1.792481 ulid s +J 5"
3.717VS17V5

| 3,3, "0, SEFEF .5
MHIN Rﬁ[l HIJTI] FUMWC 130

1A

30

Question 4

a. By Pythagoras’ theorem
x*+y* =50
=2500- x? (reject negative solution) 1A

b. i. y=+2500-x* and x(t)=30cos(§t]

(1) = 42500 -900cos> (%t)

Other equivalent forms are possible. 1A

1 Fe F3: Fy F& F&°
| A1 et alootc other Pramtolclem ue| |

" Define uit) =J2500 - %00 {cos[ =t ]]
Dot

it 10- 9[sm[ ] +16

miCollect(uit))  5- 2[9 cos[Zf] -4 ]

Note: Domain of Fesult may be larder

8
ii. Average value = %}[ y(t) dt 1M

=45.139
(3 decimal places) 1A

[fi T Fiv Trsz i T FE T G T ]
vE Alacbra(Calc|0ther|Pranl0jClean Up

. 2
®efine glt) =J2588 — 200 -[c.os[ L t']]

E]
Done
lI/S-JS ultldt 435. 139
1/8](9(1:) t EI 8>

HMAIN FUNC z/88

c. Highest position when x = 0.
Endpoint will be (0, 50). y =50 cm 1A

Lowest position when x = £30. The
corresponding y-axis value is

¥ =4/2500—(30)" =40 or
2500 (- 30)2

y=40cm 1A




d. Solve for ¢, x(f) = = 15 or |x(¢)| = 15 such

that te [0, 16]
_816 32 40
3737373
FERisraceichtter proniokiem ol

= Define x(t)=30- c,os[ nét] Done|
= solue(lx(t) =15, t][@ 2t 216

t =83 or t=16-3 or t=32-3 or t=40.p
solueabs(x(t>>=15.t>10<t<16
HMAIN ERD_AUTO FUNC 2/98

1A

- 207

- 301

Time for which —15 <x < 15 is given by

(16 8) (40 32)
— == —_——— —seconds
3

40

3’

e. Whenx =15, t-%

(8)  15V3n
x| = |=-
3 8
e |r1sebralcalc|other Praniofclesn Up

.. (from part d.)

® Define x(t) =38~c.os[ nét] Do

-15-n-03
it |t =8s3 an

HMAIN RAD AUTO FUNC 2/88

Speed is the magnitude of x'(¢)

15v3n

/
g cm/s

Speed =

1A

1A

31
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x’(t) :—ISTnsm %t

The maximum speed occurs where

d
= (x(r)) =0 M
dt
d| 15n . (=
—|—=——sin| =t | |=0
dt 4 8
t=4,12,... M

ngebr*a Caicbnut,:her*TPr“gmIDTDlean Ugm

15 -m-=in| et
L (ct) ¢
at)
15

lsolve[ddt[$[8]]=ﬂ 1,]|E|5+,f>
lue(d(a.ns(l),t)=l3,t)IEISt$16
HMAIY EAD AUTO FUNC /89

(This is also evident from the graph of
x v. t, which show the maximum gradient
att=4,12,...)

x’(4) = —lsTnsin(g) = —BTE

x’(lZ) = —ls—nsin(3—n) = 15m
4 2 4

@Tﬂ lasbralcale ot her [Pram I alc 1 Jafq' . ug|
() L

15~n-sin[n.t

-solue[d"‘t[%]wm CELE:
t=4 or t=13

{151‘[ 15::

»

123

Lty L= 04

The speed is the magnitude of x'(z).

15w

Hence the maximum speed is e cm/s. 1A

SOLUTIONS





