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19 Exp

Ioring derivation of Heron’s formula

the triangle.

Heron’s formula is used to find the area of any triangle given the lengths of the three sides of

Heron’s formula for the area A of any triangle with side lengths a, b and c is:

A= .Js(s—a)(s—b)(s—c), where s = %(a +b+c)

Devrivation

The area of the triangle is given by A = %bc sina.

Using the cosine rule:
a? = b2+ c%-2bccosa
2bccosa = b2+ c% - a?

2402 42
cosq = 22tet—a
2bc
Using the identity:

sin20. — cos2a, = 1
sin2o = 1 - cos?a,
sino = /1 - cosZo
Using the cosine rule result:
b2+ c2—a?
- 2bc

sinot = |1

4b2c2 — (b2 -2+ a?)?

4b2c2 — (a* + b* + c* + 2b%¢? — 2a2b?% - 2a4%c?)

- J s
3

4p2c2
/\/—a”’ — b=t +2b2¢2 + 2a2b? + 24%¢?
4b%c2

The area of a triangle is given by:

A= lbcsinoc
2

_1,. /\/—(14 —b* —c* +2b%c2 + 2a%b? + 2a%c?
4b2c?

2
_ /\/(bc)z(—a“ —b*—c* +2b%c2 +2a%b? + 2a%c?)
4 x 4b2c?
_ /\/—a4 —b*—c* +2b2¢% +242b?% + 2a2¢2
16
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4K

1 Show that:
(a+b+c)(b+c—a)(a+b-c)
= —a*—b*—c*+2b%2¢? +2a2b? + 2422

2 Ifs= %(a + b + ¢) show that:

a 2s=a+b+c b 2(s-a) =b+c-a
c 2(s=b) =a+c-b d 2(s—=¢) =a+b-c

3 Use the previous results to show that:

A = (a+b+c)(b+c—a)a+c—b)(a+b-c)
16

A = stxz(s—a)xzs(s—b)xzs(s—c)
16

A= Js(s—a)(s=b)(s—c)

and hence verify Heron’s formula.

4 Find the area of the following triangles using Heron’s formula:

a b C
13 cm 10 cm
5em 20 cm
14 cm
12 cm

5 Find the length of the missing side(s) and so use Heron’s formula to find the area of
each triangle:

a b C 14 cm

12 cm 15cm
120° 9cm

72° 20 cm

e

Learning task 4K

4 a 30cm? b 490909¢m? ¢ 173.20 cm?
5 a 1026em®* b 13002cm® ¢ 60.94cm?
d 63.13 cm? e 20581 mm? T 93543 m?
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