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1 Find the modulus and Argument of each of the following complex numbers:

a =3 b 5 c i—1
d V3+i e 2—2+/3i f (2 —23i)
2 Find the Argument of each of the following, correct to two decimal places:
a 5+ 12 b —8 4+ 15§ c —4 -3
d 1-iv2 e v24+i43 f —(3+7)
Find the argument of each of the following in the interval stated:
a 1 —i/3in[0,27] b —7iin [0, 2] ¢ —3+£ﬁin[ﬂ,2w]
d v24i+2in[0, 2] e +/3+iin[=2m,0] f 2iin[—2m, 0]
Convert each of the following arguments into Arguments:
S 177 —157w -5
— S d —
T3 b5 ¢T3 2
Convert the following complex numbers from the cartesian form a + bi into the form
rcis B, where 8 = Arg(a + bi):
1 3
a —1—i b E—%_f ¢ V3—i3
d — 4+ ni e V6—iv2 { 2/342i
V33
Convert each of the following complex numbers to the form a + bi:
a 2 ,;;133_“ b 5cis— ¢ 242 cis—
4 3 4
-5 T )
j§—— 6 cis— I 4cis
d 3cis 6 € CI1S 2 i
Let z = cis 6. Show that:
| .
a |z]=1 b — =cis(—8)
Z

Find the conjugate of each of the following:

3w =2 . 2w T
i EEIS(T) b TGIS(T) C —ECIS(T) d 54::15( 4)
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Simplify each of the following:

LT
2w 37 ﬁmsg 1 2w T . m
a 4cis— x 3cis— h —— ¢ —cis % —Cis—
3 4 5w 2 5 3 3
ﬁcm?
— M
4cis— 4
5 7 |
d 4 ¢ Zl::is—!'rr » Jﬁcis—Tr f —
lcis?—ﬂ 6 8 3  S5mw :
2 10 (EEIS?)
4cis — _s
% f 1
g —Eﬂ h (cisz) b (ﬁcisz) i (—cisz)
32 cis — 6 4 22/
’ 3 (6ci32w)
3 —6 2 &
i (zcis—“ x3cisE) k (L:jsi) » (4mi) A
2 6 28 3

1 —m -
—Cis—
2 4

For each of the following find Arg(z)z2) and Arg(z;) + Arg(z:) and comment on their
relationship:

T LT
a z]:mszandzzzms?

b . —27 420 — ci -3
z1 = cis 3 and z; = cis 2

2w .
¢ zy=cis— and z» =cis —
3 2

—r

2

Arg(ziz2) = Arg(z;) + Arg(z;) and Mg(j—l) = Arg(z)) — Arg(zz).
2

Show that if%" < Arg(z)) < g and = < Arg(z) < g then

Forz=1 4 i, find:
1
a Arg:z b Arg —:z ¢ Arg -
Z

simplify each of the following, giving your answer in the modulus—Argument form:
a (1++/30° b (1—i)?° ¢ i(v3—i)
(14 /3y (1 +V3(—v2 — V2i)
il —i)y V3 =3
27 ;
1 o\ cis 5
o (—14i) (E cis—) h

A S i ((1 _ i]cisz—w)?
4 (1—/3i)? 3

d (=34++3)7°



Im
2 —
¢ /2 42
T
f16; -5
¢ —2.50
f—1.98
5_':r
[
™ f Im
4 3 2
Im Sar ™ o
4H—T I}? EE d_i

5 a /2 cis (—%’T) h cis (—%)
¢ +/6 cis (—E) d Elr:jsE

3 ]
e 2/2 cis (—%) i'rh:is%lr
6a—v2 42 h;—jff
€242 d%j—%;
e B f—4
8alcis (—ET“) h?cisquT
e 3 cis — d 5 cis

. Im 1. L
lalzms(—ﬁ) hjms(—j

;oW ) _I"Q‘_'n
t;ms( E) []EC]S( 30
EECE; I%cis% g —1
h 27 cis %T i—32¢ j-216

b 27 ™
k 1024 cis —— | — cis [ —
cis 7 3 cis El])

2 a Arp(ziz2) = ?1_;‘

Arg(z) + Argz) = 1
Arg(z122) = Arg(z) + Are(z)

7
b Arg(zz:) = %

—17m
Arg(z)) + Arglz) = —5
Arg(ziz2) = Arg(z)) + Arg(z;) + 2w
-5
¢ Argl(ziz) = i

6
T
Arg(z1) + Arg(z) = 3
Arg(ziz2) = Arg(z)) + Arg(z;) — 2w

m -3 —TT
4a I ﬂ b T c T
R g
0ab6d I}Tcm(T)
. f —2m —J3i
c 128 CIS(T) d 7
- 643 /3w
e +/2 cis (T) f — CIS(T)
v (2T
g 21 3C|5 —E

1w
i 842 cis —
i 84/2 cis 2
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a Express z in polar form.

¢ Express z8 in Cartesian form.

b Working with z in polar form, find z8.

Solution

r=ld = J124(-1)2 = 2

-1 T
9 = A = | 71(-——) = ——
g7 an ] 4

z=1-i= ﬁcis(—g)

1o (-3
=8x fzcis(s X _:_D

= 8./2cis(-2m)
= 8./2¢is(0)

8./2¢is(0)
= 8./2¢c0s(0) + 8/2isin(0)
=8./2+0i

= 8.2

Exercise 121

a 3z b 2z,

2 Express each of the following in:

i simplest polar form

a (cosm+isinT)(cos2m + isin2m)

3 3 4

g 4ciS(2?n) X 3cis(g)
i 4cis(—76‘) X (—3 cis(g’))

460

C 7129

1 Ifz = 4cis(§) and z, = ZCiS(g) express the following in simplest polar form:

z
d 4
%)

ii Cartesian form

b (cos (g) +isin (g))(cos (g) +isin (n
C (cos(—’—tj + isin(—T—t))(cos(E) + isin(%)) d (co0s20°+isin20°)(cos70° + isin70°)

e (cos120° +isin120°)(cos60° +isin60°) f (cos170° +isin170°)(cos100° + isin 100°)

{52
(o))
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3 Express each of the following in:

i simplest polar form ii Cartesian form

(cosT + isinT) (Cos(g) + isin(%‘))

(cos(g) + isin(g)) (cos(g) + isin(g))
d (cos—30° + isin—30°) e 2c¢is120°
(c0s60° + isin60°) 4¢is30°
SCiS(g) N 3Ci5(37n)
& Tscisan ais(®)
4
) 4cis§ 8CiSC{)
j k
1

ZCng ﬁds(_lz)

4 Express each of the following in:

i simplest polar form ii Cartesian form

a (cosT+isinm)® b (cos2m+isin2m)8
d (cos (%) + isin(:%n))lz e (cos (g) + isin (g))g
s (s -5)) h (zaf5))

j  (4cis60°)* k (-2cis30°)*
5 a Express the following complex numbers in polar form:
i zp = 1+i ii 72, = =1 +i

b Use polar algebra to express the following in polar form:

i 742, i 2,25 il 7,24
z .z ..
22 vi 4 vii z,8
23 23

iX Z310 X (Z1Z2)12

¢ Express each of the answers to part b in Cartesian form.

121

(cos60° + isin60°)
(c0s30° +isin30°)

§ 2c¢i1s80°
ﬁcisZOo

3 cis(g)
cis(llz)
6cis(—§‘-"—t)

2cis C—:)

8
C (cos (E) + isin(E))
4 4
6
f (2cis£)
12
i (2cis120°)°
I (=5cis60°)>
ii 73 = —1-i

2
(%)

viii 2,9

Chapter 12 Complex numwbers



Complex numbers

Revision Questions

| Multiple choice

%22 | The factorised form of the expression z2 + 4z + 20 is:
A (z+2+4i)(z+2-4i) B (z-2+4i)(z-2-4i) C (z+1+2i)(z+1-2i)
Questio™® D (z-1+2i)(z=1-2i) E (z-2+4i)(z+2-4i)
2 Forz= ﬁ(l —J2i ), the Re(z) and Im(z) values respectively are:
A ’\/5"2 B _’\/5'52 C '\/5')’\/5' D ’\/5'5_2 E 2)_’\/§
3 The polynomial whose factored form is (z + 1 + 2i)(z + 1 — 2i) is:
A 22-4z-13 B z2-4z+13 C 22+4z-13
D z2+2z+5 E —z2+2z-5
Questions 4 to 7 use the complex numbers z; =3 + 4i and z, =—1 + 5i.
4 z,+z5 =
A 8+3i B 3+8i C -2+9i D 2+09i E -2-9i
5 Xz, =
A 23 +11i B -23+11i C 23-11i D -17+11i E 17+11i
6 21_1 +2, =
A 5+3i B 5-3i C 2+i D 2+9i E -5+3i
7 1 _
4z,
A =4 g 3+4i C 3-4i p 3+4i p 3+4i
28 28 100 100 25
8 The complex number z = 3 — 4i expressed in polar form has |z| and Argz respectively:
A 5, Tan‘l(—g) B 5, Tan‘l(—‘—‘) C 5, Tan‘l(é)
4 5 3
D 5, Tan‘l(—é—l) E 5, Tan‘l(—é)
3 5
9 The complex number z = SCis(—Z—:) expressed in Cartesian form is:
A2xa-y B 2la+in ¢ 2la+n b 2la+n  E 2la-y
2 2 2 4 4
462
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10 Ifz; = 2cis (g) and z, = 3cis(%) then z,z, expressed using the principal argument is:

A 6cis(—7—7—t) B 6cis(—7—n) C 6cis(5—n) D 6cis(—5—n) E 6cis(—7—t)
6 6 6 6 6

11 The complex number z = 3./2(cos 135° + isin135°) expressed in Cartesian form is:
A =3(1+19) B 4(1+1) C 4(-1+19) D 3(1+1) E 3(-1+1)

12 The complex number z= 1 — J3i expressed in polar form is:

A ZCis(—z—n) B 2cis(—7—t) C 2cis(—E) D 2cis(7—t) E ZCis(T—t)
3 3 6 3 6

Short answer
1 Expand and simplify the following, expressing each in the form x + yi:

a i’ b il2 c s d 32+3i0) e —4i*(1-2i)
2 Ifz;=2+3i,z,=1-iand z3 = 5i express the following in the form x + yi:

a z7,+2, b z,+2z c z3(2+4i+2z))

3 Express the following in Cartesian form:

a 4cis(—7—c) b 20is(——3—73) C SCis(z—n) d IOcis(—ﬂt) e 3cis(5—n)
3 4 3 3 4
4 Express the following complex numbers in polar form:
a 2+4i b -1+4i c 4-3i d 12-5i

5 Express the complex number z = 2 + 4i in polar form and hence express the following in
polar form:

a 73 b 1074 c 3z8 d 10712

6 Find the linear factors in C for the following:

a z2-2z+2 b z4-z22-12 c z*+3z-4=0

7 Express the following in the form x + yi:

2+3.i b 2—i. c 4—i. d &
1—1 2+1 1+2i 3—1i

8 Solve the following where z is expressed in the form x + yi:

a (1-i)z=1+5i b (1+i)z=1-2i ¢ 2-i)z=3+4i

9 Solve the following equations in C: e
a 2+4=0 b z2+100 =0 c 224196 =0 ‘
d z22+6z+10 =0 e z2-2z+8=0 f (z-1)2+16=0 |Shee

Chapter 12 Complex numwbers



answers.

Compllex nuwbers

Challenging Tasks

1 Graphics calculators have the complex number functions inbuilt, which can be used to check

Complex numbers can be raised to powers: i is typed using the keys [2nd] [.]

The mode needs to be put
into radian or polar mode
in the complex rectangular
form of a + bi.

Shown below are the screens used to find:

(1+2i)* (1+2i)(1-1i) 2 +3i—(1-2i) }f;:
I+l g ) Il FUL=1 ) Ltal I=U1=20 0 ) Il LAV I=21 )
“7 =24 3+ 1+31 ~. Bt 51
Hh=kFrac _
=30+ 00,
n
Use a graphics calculator to find the following:
a (1-3i)2 b (2i+3)2 c (5-3i)°
1, 3.\ . . . :
d [TE‘) e (1-3i)(4+1i) f(1+20)(1 +4i)
g (3-4i)(1+i) h (~1+5i)(=2-3i) i —1+4+i(5-3i)
i (-1-2i)-(4-3i) k %+2£—(3+:’) | —2-i—(4+6i)
- 24 3i . -2+ 3i 5 4—i
3-2i S+1i 3+5i
o =L q (1-i)2+3i)3 ro(2+30)2(1-i)3
S+i
3
s (3(2+5i)5(1-1)) t (2-3i)(2+3.50)0 u Ul‘—‘;‘_l
—2i
.5 ? .
, (2+30) W B+20) o 3+2i
(1-i)3 (1-i)2 (2 - 3i)2
(1 +2)8(1 —i) 3+4i
y Y z ———
S5i (1-2)3@2-i)

Geveral Maths Dimensions Vnits 1 & 2



2 a Express the following in the form a + bi :

1 Lo
2-i’ "

2 pramn

G =i
! 240 -

1 +2i _

_1+2i _ 1+i
g% =y

b Using the expressions in part a, express the following in the form a + bi:

I 2,+2 ii

V 2423 vi

ix z2-z, X

3 Ifz; = a,+ib, and z,
a z,+z, b z
4 Ifz; = a;+ib, and z,

a Z|+ZZ:ZI+22 b Z]—

If z = x+ yi show that:

2 _

|22

o
=

&l
&l

a

(%]

Z

in the form a + bi:

a eiﬂ:

21 +2, m z;+2, v 2z, + 3z,
= i d
2,2, Vil 2327, viii =
24
2124
Sy

a, + ib, express the following in terms of a,, a,, b, and b,:

&

) C czy+kz d zz,

&
2]

a, +ib, show that:

d (

ba | o

[} —

R
I
[

b

argz = —argz

Euler’s formula is ¢®® = cis® = cos® + isin®. Use the above identity to express the following

ixF)
4

b 2e(ixg) C lOe(

chapter

>

Test

465
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Selected answers are given here. For a full set of worked solutions, see General Maths Dimensions Units 1 & 2 Solutions and Study Guide.

Exercise 121

Revision Questions

1a lzcis(g) b 4cis(§) N
d 2¢is(§) e O.SCis(:-;-c)
6 6

Scis(g)
3

2 a -1+ b 0+ € 0.97-0.26i
d 0+i ¢ —1+0f f 0-i
g8 +6i h -14+0i i =483 -6
i o140 '

3 a 0+i b {§+05i ¢ »{hﬁji
d 0-i 8 0~0.5i f {én
g v A i 2.90+0.78
i B k282 w2fpet 3

4 a 140 b 1+0i ¢ 1+0i
d ~1+0i g ~1+0i i 6de
: -1 J3.

s #(3-3)

b1 ~512cs0n) i 512

i 1 64cis(am i 64

i 256«:&3(%—-”) i -128 - 1283
ki mcas(%’f) i -8 +8.3i
I »3125cis(~§) i ~3125(§~f§)

5a i Jﬁm%% C# N@css(%?} it Ecis(:—-’-t)

2cis0

v cis[ - E ¢ cis] -F
vo®) vofg

Vit 16cis0  vii scis(g)

-4
-
¥
o
2.
P
2]
-t

x 4096¢is0

coi-2 2 Hi-2i
v o vi -1 vit 16
ix 32 x 4096

S . T
54 32(:15(-‘5)

4

- . T
i st(—u‘-)
2

vi cis(m)

Ees

v i

vill 8i

Multiple choice

1A 2D 3p 4D
5B 6B 7c H
9{;\]:&‘2{] O 11k 12 8
Short answer
1ai b1 © -

d 3.2 e 4+8i ‘
2 a 342 b 1+4i ¢ -35420i
3a 2.2 b 220

© -25+25.3i d ~5+5.03;

3 3,
B el
2R

4 a 2.5cis1.§0°7 b Jfi7cis1®l6

€ S5cis<0.6435 g 13cis—-0.3948
5 a 40.5cis = 2-96)

b 4000cisg.i - §5) ;

¢ 480006 AR (1'5'7)

d g4 0% e (0-72)
6 a (z-1+i)z-1-1)

b -2+ B+ B

€ (2= Dlz+ D2+ 20z -20)
7 a -05+25i b 06-08

¢ 04~ 18 g 143

; 11, 2. 1L

a z=-2+3i b z=«§~1§r ¢ z=§+~§-5

a =42 b z=110i C oz=dHl4i

d z==3%i e z=13li | =1t
Challenging Tasks
1 a -g=6i b S+1ne

¢ -6100 - 2868 d T/g -6

¢ T-11i f -7+6i

g T-i W 17+7

i 6+St i <~5+L

k ~ ki e g-7i

m i 0w ‘*7/6 e n/-;,é o

o Thu ="Kl b
g -37+55i T 34-1di
s $&LN —V12 Ty ¢ 4061222 4441480

=181 _ g2 LG I
"R %i*%‘

L4

fAnswers

557




7

Selected answers are given here. For a full set of worked solutions, see General Maths Dimensions Units 1 & 2 Solutions and Swudy Guide.

w 3277 - 2224.5i

x T34z xY 3L

4

gtz =ap+a, - (b +by)i

y ~172.64382i 2 L300 + Ypst -
2a i04-02 il 04+02i and 2y +2; = @y +-byi+ay-byi
i 0.6+ 0.8 Wo0+i They are clearly equal.
b io08 it -02406i b z-2, = a-ay-(b,+by)i =2,~2,
il 0.6+ 1.8 v -1+2i - .
v 064021 vi 02 € 2yXzy =aiaz+bib2~(a;b2+a2bl)z and
vil 0.8 -0.6i viti 0.8 +0.6i :;_ix:»:_2 =a,a,+bb,~(a;b, +a,b))i
i L12- Qsjgy X i - - ]
3 3 a +ay+(b+by)i d i’.:ﬁi:.glf_md:_i:arzﬂ_
2 Aq=~Da1 Ay—041
b a -~ay+(b;-by)i 2 4% z, A
¢ cay+kay+{ch, +kb,)i 5a1
- ; i . -
d aya,-bby+(aby+ayb))i b Arge=tan-1¥ and Argz = tan-1Z — — (_«%B
(a; +b,i) x o x
€ @yt s0 Argz= o Pory (7 )
6a -1 b (f2+482) ¢ (-542+5420)
Chapter 13
Exxccise 13A
12 s
b it=Ng=4em Hr=5x=0cm
il 1=10, x2S em
¢ 10m
d ho Iy lg s Ll 4
X
~6 B
Z2a om
b 5m,45m,140m
¢ 140m
d in2m it 32m
v 96m v 14/m
B oty 1
6 10 30 50 70 %0 110 130 150 ¥
3a i-12m ;
Hor=2 =45 =635
x=/) m x=28m x=72m
= 8§ =105
x=132m x=192m
Wi 192m
bl e o]t T 23] a]sle] 789w
x{emy |12 | =8 ] 12 28 48 720 100 | 132 | 168 | 208

General Maths Dimensions Vnits 1 & 2
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1. Find the polar form of the following complex numbers:

@ z=1++3i () z=-1+i () z=-1-i @ z=1-i
() z=3+4i () z=-3-4i (8 z=-3+4i  (h) z=4-3i
i) z=2i () z=-2i ,
2. Express each of the following complex numbers in cartesian form:
. T .. T
(a) z=5\/§(cos-}+ism—}) (b) z=4(cos—§-+zsm§-) :
' . T
(c) z=6 (cos% + isin %) ' (d) z=2c1s (——3—)
. S5r
(e) z=3+2 cis (—%) (f) z=10cis (——6——)
3. Ifz=3+i,and w =1 - 3, find:
(@ || ®) |w| ©) zw . d |zw| ) Argz
® Agw @ Az @ [ M follw

4. If z = x + yi, show that:

(a) ﬁ:l (b) Argz+Arg 7 =0
Z N

»n

Express the following in polar form: ‘
(@ -1+ (b) 1+ /3

L (=1 + i)
Hence simplify ———=2
PHLY (1 + +/3i)8

(ﬁu)
a -

=)

. Simplify

7. If z=-1 + i, express:
i

(@ z v (b) 7 (©) 727

in the form x + yi, where x and °y are real numbers.

8. Ifz=1+ +/3i, find:
@ |z (b) Argz / (c) the polar form of z
(d) z*in polar form (e) z*in Cartesian form

® —zl- in the form x + yi, where x and y are real numbers.

9. fw=1+i,andz=1- /3 find:
@ |w| (d) |z (c) Argw (d Argz

%‘, Arg (—;ﬂ) and Arg (wz).

Hence determine

a .z .¢ 14
'zT'j/t 2 ® Lo ze @ 19—— @

RIS

’_/‘8 8- () (% wsy - £ 300)91 ® L2 £ @ @8 B-5 ()

£
x
-’OZ. (Q) I-1- (e - (1 +)— (£ D7 = ' 14 =2 .
L ov-9 (1¢ D=ty ]sPrt=m(q 2g)PfM=2@® s
01 (M 1MW 8.5 B peoi~ () ,92.81 (3
0® B-9@ 0F @ OIf ®F HE-gpe=z (W) K52 @ 1gp ~1=2 ()
' ' z
1+ grE=2(0) 1EMTHT=2(Q) IS+S=2(e) T (;,Z--) soz=2 () (;;) SPZ=2 ()
(TS 9 s e=2 (W) (,25.921)sPSs=2 (8) (,z6.9217)SPS=2 (J) (,8.£5)SPG=2 (3)

(%—] P g =2 (P) (%_) s Zp =2 (9) (:E) s M =2 @ (%) ST=2(v) 1




Year 11 Specialist Maths 1/2
Complex Numbers Worksheet

Factorization of Cubic and Quartic involving grouping and the Factor Theorem

. (@P(2)=2z3-222+2z-2

(b)P(z) =z3 +2z°+4z+8

. @P(z)=z*—23-522-2-6
(b)P(z) = z* — 323+ 62z2—-12z+8
. @) P(z) =z*—-3z2—-4

(b)P(z) = z* +32z% -4

. (@ P(2) =z*+10z2+9

(b) P(z) = z* + 1322 + 36

. (@) P(z)=2z3+22-7z-15
(b)P(z) =z3 +42z2+9z+ 10

Extension Question: P(2) = z3 +iz? +i+z

(1—=2),(1+ z) = (2)d :uolsuaixy

(2—-1+2)(z+1+2)(2+2) =(2)dq
(1-72+2)(0+7+2)(€—2)=(2)d S

(1 —2)(e+2)(12 — 2)(17 + 2) = (£)d 'q
(1€ -2)(e+2)0—2)( +2) = (2)d e

(12—2)(z+2)O0+2)(1-2)=(2)d 9
(1-2)0+2)(z2+2)(T—2) = (2)d &€

(12—-2)(z+2)(2—-2)(1-2)=(2)d 9
(1-20+2)(€-2)(z+2)=(2)d et

(2—2)(1z+2)(T+2) =(2)d 9
-2+ 2)(z—2) = (2)d et

‘SIOMSUY



Find the solutions (the roots of Z")

1. 72321
2. Z3+8=0
3. 2*1=0
4. Z7°=j
5. Z*+4=0

Challenging question: Find the 6™ root of -1
(hint: let -1 = 1 cis(n))

r—‘:‘r——i‘rg—i—‘ E+i— : 1£+i uonsanb Buibus|jeyd
TogM T g T ¢~ T € ' '

I+T 1=T 1+T-"1-T- 'S

¢ Tt T ..

Imt ot Y

e T

1-'1'T'T-°¢

M+ U\ T°¢ ¢
¢ T z

e e 1T

SIOMSUyY



