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Exercise 12I

1 If z1 =  and z2 =  express the following in simplest polar form:

a b c d e

2 Express each of the following in:

i simplest polar form ii Cartesian form

a b

c d

e f

g h

i j

Example Solution

a Express z in polar form.

∴ 

b Working with z in polar form, find z8. = 

= 

= 

= 

c Express z8 in Cartesian form.

= 

= 

= 

r z 12 1–( )2+ 2= = =

θ Argz Tan 1– 1–
1

------⎝ ⎠
⎛ ⎞ –π

4
---= = =

z 1 i– 2cis π
4
---–⎝ ⎠

⎛ ⎞= =

1 i–( )8 2cis –π
4
---⎝ ⎠

⎛ ⎞
⎝ ⎠
⎛ ⎞ 8

8 2× cis 8 π
4
---–×⎝ ⎠

⎛ ⎞

8 2cis 2π–( )
8 2cis 0( )

8 2cis 0( )
8 2 0( )cos 8 2i 0( )sin+

8 2 0i+

8 2

4cis π
3
---⎝ ⎠

⎛ ⎞ 2cis π
6
---⎝ ⎠

⎛ ⎞

3z1 2z2 z1z2

z1

z2
----

z2

z1
----

πcos i πsin+( ) 2πcos i 2πsin+( ) π
3
---⎝ ⎠

⎛ ⎞cos i π
3
---⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞ π

6
---⎝ ⎠

⎛ ⎞cos i π
6
---⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞

π
3
---–⎝ ⎠

⎛ ⎞cos i π
3
---–⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞ π

4
---⎝ ⎠

⎛ ⎞cos i π
4
---⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞ 20°cos i 20°sin+( ) 70°cos i 70°sin+( )

120°cos i 120°sin+( ) 60°cos i 60°sin+( ) 170°cos i 170°sin+( ) 100°cos i 100°sin+( )

4cis 2π
3

------⎝ ⎠
⎛ ⎞ 3cis π

6
---⎝ ⎠

⎛ ⎞× cis π
4
---⎝ ⎠

⎛ ⎞ cis 3π
4

------⎝ ⎠
⎛ ⎞×

4cis π
6
---–⎝ ⎠

⎛ ⎞ 3cis π
3
---⎝ ⎠

⎛ ⎞–⎝ ⎠
⎛ ⎞× cis 5π

4
------⎝ ⎠

⎛ ⎞
⎝ ⎠
⎛ ⎞ –cis π

4
---–⎝ ⎠

⎛ ⎞
⎝ ⎠
⎛ ⎞
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3 Express each of the following in:

i simplest polar form ii  Cartesian form

a b c

d e f

g h i

j k l

4 Express each of the following in:

i  simplest polar form ii Cartesian form

a b c

d e f

g h i

j k l

5 a Express the following complex numbers in polar form:

i ii iii

b Use polar algebra to express the following in polar form:

i ii iii iv

v vi vii viii

ix x

c Express each of the answers to part b in Cartesian form.

πcos i πsin+( )
π
2
---( )cos i π

2
---( )sin+⎝ ⎠

⎛ ⎞
--------------------------------------------

π
3
---( )cos i π

3
---( )sin+⎝ ⎠

⎛ ⎞

π
6
---( )cos i π

6
---( )sin+⎝ ⎠

⎛ ⎞
-------------------------------------------- 60°cos i 60°sin+( )

30°cos i 30°sin+( )
-----------------------------------------------

30°–cos i 30°–sin+( )
60°cos i 60°sin+( )

------------------------------------------------------ 2cis120°
4cis30°

---------------------- 2cis80°
3cis20°

-----------------------

5cis π
2
---( )

15cis2π
--------------------

3cis 3π
4

------⎝ ⎠
⎛ ⎞

cis π
4
---⎝ ⎠

⎛ ⎞
-------------------

3cis π
6
---⎝ ⎠

⎛ ⎞

cis π
12
------⎝ ⎠

⎛ ⎞
-----------------

4cisπ
3
---

2cisπ
6
---

-------------
8cis π

4
---⎝ ⎠

⎛ ⎞

2cis π
12
------–⎝ ⎠

⎛ ⎞
-------------------------

6cis 5π
4

------–⎝ ⎠
⎛ ⎞

2cis π
4
---⎝ ⎠

⎛ ⎞
----------------------

πcos i πsin+( )6 2πcos i 2πsin+( )8 π
4
---⎝ ⎠

⎛ ⎞cos i π
4
---⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞ 8

3π
4

------⎝ ⎠
⎛ ⎞cos i 3π

4
------⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞ 12 π

3
---⎝ ⎠

⎛ ⎞cos i π
3
---⎝ ⎠

⎛ ⎞sin+⎝ ⎠
⎛ ⎞ 9

2cis π
12
------⎝ ⎠

⎛ ⎞ 6

3cis π
12
------–⎝ ⎠

⎛ ⎞
⎝ ⎠
⎛ ⎞ 8

2cis π
3
---⎝ ⎠

⎛ ⎞–⎝ ⎠
⎛ ⎞ 9

2cis120°( )6

4cis60°( )4 –2cis30°( )4 –5cis60°( )5

z1 1 i+= z2 –1 i+= z3 –1 i–=

z1z2 z2z3 z1z3

z1

z2
----

z2

z3
----

z1

z3
---- z1

8 z2
6

z3
10 z1z2( )12
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Ch12

Multiple choice

1 The factorised form of the expression z2 + 4z + 20 is:

A B C
D E

2 For z = , the Re(z) and Im(z) values respectively are:

A B C D E

3 The polynomial whose factored form is (z + 1 + 2i)(z + 1 – 2i) is:

A B C

D E

Questions 4 to 7 use the complex numbers z1 = 3 + 4i and z2 = –1 + 5i.

4  =

A B C D E

5  =

A B C D E

6  =

A B C D E

7  =

A B C D E

8 The complex number z = 3 – 4i expressed in polar form has |z | and Argz respectively:

A B C

D E

9 The complex number z =  expressed in Cartesian form is:

A B C D E

Questions

Review

z 2 4i+ +( ) z 2 4i–+( ) z 2– 4i+( ) z 2– 4i–( ) z 1 2i+ +( ) z 1 2i–+( )
z 1– 2i+( ) z 1– 2i–( ) z 2– 4i+( ) z 2 4i–+( )

2 1 2i–( )

2 2, 2– 2, 2 2, 2 2–, 2 2–,

z2 4z– 13– z2 4z– 13+ z2 4z 13–+

z2 2z 5+ + –z2 2z 5–+

z1 z2+

8 3i+ 3 8i+ –2 9i+ 2 9i+ –2 9i–

z1 z2×

23 11i+ –23 11i+ 23 11i– –17 11i+ 17 11i+

2z1 z2+

5 3i+ 5 3i– 2 i+ 2 9i+ –5 3i+

1
4z1
--------

3 4i–
28

-------------- 3 4i+
28

-------------- 3 4i–
100

-------------- 3 4i+
100

-------------- 3 4i+
25

--------------

5 Tan 1– 3
4
---–⎝ ⎠

⎛ ⎞, 5 Tan 1– 4
5
---–⎝ ⎠

⎛ ⎞, 5 Tan 1– 4
3
---⎝ ⎠

⎛ ⎞,

5 Tan 1– 4
3
---–⎝ ⎠

⎛ ⎞, 5 Tan 1– 3
5
---–⎝ ⎠

⎛ ⎞,

5cis π
4
---–⎝ ⎠

⎛ ⎞

21
2
--- 1 i–( ) 21

2
--- 1 i+( ) –21

2
--- 1 i+( ) 21

4
--- 1 i+( ) 21

4
--- 1 i–( )
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10 If z1 =  and z2 =  then z1z2 expressed using the principal argument is:

A B C D E

11 The complex number z =  expressed in Cartesian form is:

A B C D E

12 The complex number z =  expressed in polar form is:

A B C D E

Short answer

1 Expand and simplify the following, expressing each in the form x + yi:

a b c d e

2 If z1 = 2 + 3i, z2 = 1 – i and z3 = 5i express the following in the form x + yi:

a b c

3 Express the following in Cartesian form:

a b c d e

4 Express the following complex numbers in polar form:

a b c d

5 Express the complex number z = 2 + 4i in polar form and hence express the following in 
polar form:

a b c d

6 Find the linear factors in C for the following:

a b c

7 Express the following in the form x + yi:

a b c d

8 Solve the following where z is expressed in the form x + yi:

a b c

9 Solve the following equations in C:

a b c

d e f

2cis π
3
---⎝ ⎠

⎛ ⎞ 3cis 5π
6

------⎝ ⎠
⎛ ⎞

6cis 7π
6

------⎝ ⎠
⎛ ⎞ 6cis 7π

6
------–⎝ ⎠

⎛ ⎞ 6cis 5π
6

------⎝ ⎠
⎛ ⎞ 6cis 5π

6
------–⎝ ⎠

⎛ ⎞ 6cis π
6
---–⎝ ⎠

⎛ ⎞

3 2 135°cos i 135°sin+( )

3 1 i+( )– 4 1 i+( ) 4 –1 i+( ) 3 1 i+( ) 3 –1 i+( )

1 3i–

2cis –2π
3

------⎝ ⎠
⎛ ⎞ 2cis –π

3
---⎝ ⎠

⎛ ⎞ 2cis –π
6
---⎝ ⎠

⎛ ⎞ 2cis π
3
---⎝ ⎠

⎛ ⎞ 2cis π
6
---⎝ ⎠

⎛ ⎞

i5 i12 i23 i3 2 3i+( ) –4i4 1 2i–( )

z1 z2+ z2 z3+ z3 2 4i z1+ +( )

4cis π
3
---–⎝ ⎠

⎛ ⎞ 2cis 3π
4

------–⎝ ⎠
⎛ ⎞ 5cis 2π

3
------⎝ ⎠

⎛ ⎞ 10cis 4π
3

------–⎝ ⎠
⎛ ⎞ 3cis 5π

4
------⎝ ⎠

⎛ ⎞

2 4i+ –1 4i+ 4 3i– 12 5i–

z3 10z4 3z8 10z12

z2 2z– 2+ z4 z2 12–– z4 3z 4–+ 0=

2 3i+
1 i–

-------------- 2 i–
2 i+
----------- 4 i–

1 2i+
-------------- 10i

3 i–
----------

1 i–( )z 1 5i+= 1 i+( )z 1 2i–= 2 i–( )z 3 4i+=

Sheet

Revision

z2 4+ 0= z2 100+ 0= z2 196+ 0=

z2 6z 10+ + 0= z2 2z– 8+ 0= z 1–( )2 16+ 0=













Year 11 Specialist Maths 1/2 

Complex Numbers Worksheet 

Factorization of Cubic and Quartic involving grouping and the Factor Theorem 

 

1. (a) 𝑃(𝑧) = 𝑧3 − 2𝑧2 + 𝑧 − 2 

(b) 𝑃(𝑧) = 𝑧3 + 2𝑧2 + 4𝑧 + 8 

2. (a) 𝑃(𝑧) = 𝑧4 − 𝑧3 − 5𝑧2 − 𝑧 − 6 

(b) 𝑃(𝑧) = 𝑧4 − 3𝑧3 + 6𝑧2 − 12𝑧 + 8 

3. (a) 𝑃(𝑧) = 𝑧4 − 3𝑧2 − 4 

(b) 𝑃(𝑧) = 𝑧4 + 3𝑧2 − 4 

4. (a) 𝑃(𝑧) = 𝑧4 + 10𝑧2 + 9 

(b) 𝑃(𝑧) = 𝑧4 + 13𝑧2 + 36  

5. (a) 𝑃(𝑧) = 𝑧3 + 𝑧2 − 7𝑧 − 15 

(b) 𝑃(𝑧) = 𝑧3 + 4𝑧2 + 9𝑧 + 10 

 

Extension Question: 𝑃(𝑧) = 𝑧3 + 𝑖𝑧2 + 𝑖 + 𝑧 

 

 

Answers: 

1a. 𝑃(𝑧)=(𝑧−2)(𝑧+𝑖)(𝑧−𝑖) 

b. 𝑃(𝑧)=(𝑧+2)(𝑧+2𝑖)(𝑧−2𝑖) 

2a 𝑃(𝑧)=(𝑧+2)(𝑧−3)(𝑧+𝑖)(𝑧−𝑖).  

b. 𝑃(𝑧)=(𝑧−1)(𝑧−2)(𝑧+2𝑖)(𝑧−2𝑖) 

3a. 𝑃(𝑧)=(𝑧−2)(𝑧+2)(𝑧+𝑖)(𝑧−𝑖) 

b. 𝑃(𝑧)=(𝑧−1)(𝑧+1)(𝑧+2𝑖)(𝑧−2𝑖) 

4a. 𝑃(𝑧)=(𝑧+𝑖)(𝑧−𝑖)(𝑧+3𝑖)(𝑧−3𝑖) 

b. 𝑃(𝑧)=(𝑧+2𝑖)(𝑧−2𝑖)(𝑧+3𝑖)(𝑧−3𝑖) 

5a. 𝑃(𝑧)=(𝑧−3)(𝑧+2+𝑖)(𝑧+2−𝑖) 

b. 𝑃(𝑧)=(𝑧+2)(𝑧+1+2𝑖)(𝑧+1−2𝑖) 

 

Extension: 𝑃(𝑧)=(𝑧+𝑖)2(𝑧−𝑖) 



Find the solutions (the roots of Zn) 

1. Z
3
=1 

2. Z
3
+8=0 

3. Z
4
-1=0 

4. Z
3
=i 

5. Z
4
+4=0 

Challenging question: Find the 6
th

 root of -1  

    (hint: let -1 = 1 cis()) 

 

 

Answers: 

1.1 ,  ,   

2.-2 , ,  

3.-1 , 1 , i , - i  

4.–i , ,  

5.-1- i , -1 + i , 1 – i , 1 + i 

 

Challenging question   ,  , , , ,  


