Objectives

Polynomials

9 19)dey)

> To add, subtract and multiply polynomials.

> To divide polynomials.

v

To use the remainder theorem, factor theorem and rational-root theorem to identify the

linear factors of cubic and quartic polynomials.

vvyvyyvyy

To solve equations and inequalities involving cubic and quartic polynomials.
To recognise and sketch the graphs of cubic and quartic functions.

To find the rules for given cubic graphs.

To apply cubic functions to solving problems.

To use the bisection method to solve polynomial equations numerically.

In Chapter 3 we looked at polynomial functions of degree 2, or quadratics.

A polynomial function of degree 3 is called a cubic function. The general rule for such a

function is

f(x)=ax3+bx2+cx+d, a+0

A polynomial function of degree 4 is called a quartic function. The general rule for such a

function is

f(x):ax4+bx3+cx2+dx+e, a+0

In Chapter 3 it was shown that all quadratic functions can be written in ‘turning point form’

and that the graph of a quadratic has one basic form, the parabola.

This is not true of cubic or quartic functions. There is a range of different graph ‘shapes’ for

cubic and quartic functions, depending on the values of the coefficients (a, b, ¢, d and e).
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210 Chapter 6: Polynomials

6A The language of polynomials

Skillsheet » m A polynomial function is a function that can be written in the form
P(x) = apX" + ap 1 X"+ arx + ag

where 7 is a natural number or zero, and the coefficients ay, . . ., a, are real numbers with
a, # 0.

® The number O is called the zero polynomial.

m The leading term, a,x", of a polynomial is the term of highest index among those terms
with a non-zero coefficient.

m The degree of a polynomial is the index n of the leading term.

= A monic polynomial is a polynomial whose leading term has coefficient 1.

m The constant term is the term of index 0. (This is the term not involving x.)

Example 1

Let P(x) = x* — 3x3 — 2. Find:

a P(1) b P(-1) c PQ) d P(-2)
Solution
a P(H=1*-3x13-2 b P-1)=(D*=-3x(-1*-2
=1-3-2 =1+3-2
=4 =2
c PQ)=2*-3x23-2 d P(-2)=(-2)*-3x(-2?*-2
=16-24-2 =16+24-2
=-10 =38

a Let P(x) = 2x* — x> + 2cx + 6. If P(1) = 21, find the value of c.
b Let OQ(x) = 2x° — x> + ax? + bx + 20. If O(~1) = Q(2) = 0, find the values of ¢ and b.

Solution Explanation
a P(x)=2x*-x>+2cx+6and P(1) = 21. We will substitute x = 1 into P(x)
P(1) =201 = (1 +2c + 6 to form an equation and solve.
=2-1+2c+6
=7+2c
Since P(1) = 21,
7+2c=21
c=17
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6A The language of polynomials 211

b O(x)=2x°—-x3+ax*+ bx+20and First find Q(-1) and Q(2) in terms
0(-1)=0@2)=0. of a and b.
0-1)=2(-1° = (-D*+a(-1)* - b +20
=2+1+a-b+20
=23+a-b

012) =22)° = (2)* + a(2)*> + 2b + 20
=128 — 8 +4da+2b +20

=140+ 4a+2b
Since Q(-1) = Q(2) = 0, this gives Form simultaneous equations in a
23+a-b=0 (D) and b by putting Q(-1) = 0 and
140 + 4a +2b = 0 @) 0(2) =0.
Divide (2) by 2:
70+2a+b=0 3)
Add (1) and (3):
93+3a=0
a=-31

Substitute in (1):
b=-8
Hence a = —31 and b = -8.

» The arithmetic of polynomials

The operations of addition, subtraction and multiplication for polynomials are naturally
defined, as shown in the following examples.

Let P(x) = x° + 3x> + 2 and Q(x) = 2x* + 4. Then

P(x)+0x) = (X +3x2 +2) + 2x* + 4)
=X +5x°+6

P(x)— 0(x) = (> +3x2+2) - 2x* + 4)
=X +x*-2

P(x)0(x) = (x* +3x% +2)(2x% +4)

= (432 +2)x 232+ (P + 32 +2) x4
=2x +6x +4x7 +4x° + 12x° + 8
=2 +6x" +4x° + 167 +8

The sum, difference and product of two polynomials is a polynomial.
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212 Chapter 6: Polynomials

Let P(x) = x> — 6x + 3 and Q(x) = x> — 3x + 1. Find:

a P(x)+ 0(x) b P(x) - Qx) ¢ P(x)Q(x)
Solution
a P(x)+ Q0(x) b P(x)-Q(x)

=X —6x+3+x>-3x+1 =X —6x+3-(x*-3x+1)

X —6x+3-x+3x-1

- —6x+3x+3-1

2-x*-3x+2

=X +x2—6x—3x+3+1

=X+ -9x+4

c PO = —6x+3)x*-3x+1)
=07 (2= 3 RN EI6 A O = IB 3 (A=I3 )
=x =3+ 2% =627 +18x% —6x+ 32> = 9x + 3
=2 = 3x* + (2 - 6x°) + (18x% + 3x%) — (6x + 9x) + 3

=x -3x" -5 +21% - 15x+3

We use the notation deg(f) to denote the degree of a polynomial f. For f, g # 0, we have

deg(f + g) < max{deg(f), deg(g)}
deg(f x g) = deg(f) + deg(g)

» Equating coefficients

Two polynomials P and Q are equal only if their corresponding coefficients are equal. For
3+ arx® + ayx + ag and Q(x) = bsx® + bax® + byx + by,
they are equal if and only if as = b3, ay = by, a; = by and ay = by.

two cubic polynomials, P(x) = aszx

For example, if
P(x)=4x +5x* —x+3 and Q(x) = b3x’ + byx® + bix + by

then P(x) = Q(x) if and only if b3 =4, b, =5, b = —1 and by = 3.

Example 4
(c—)

The polynomial P(x) = x> + 3x> + 2x + 1 can be written in the form (x — 2)(x* + bx +¢) +r
where b, ¢ and r are real numbers. Find the values of b, ¢ and r.

Solution Explanation
(x=2)(xX*>+bx+c)+r We first expand the brackets of
=x(2+bx+¢) =22 +bx+¢)+r (x=2) +bx+c)+r

=X+ bx®+cex—2x*—2bx—2c+r
C+b=-Dx2+(=2b)x=2c+r
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6A The language of polynomials 213

IFxX3+3x2+2x+1=(x-2) (X2 +bx+c)+r We then equate coefficients: first the
for all real numbers x, then from the above coefficients of x2, then the coefficients
h—2=3 - of x, and finally the constants.

c—-2b=2 Loe=2b+2=12
—2c+r=1 SLor=2c+1=25

Hence b =5,c=12and r = 25.
This means P(x) = (x — 2)(x* + 5x + 12) + 25.

» The expansion of (a + b)"
We know that
(a+b)* =a +2ab+ b
This is called an identity; it is true for all a and b. If we multiply both sides of this identity
by (a + b), then we obtain
(a+b)’ = (a+b)a+b)* = (a+b)a*+2ab+b*)
= a(a® + 2ab + b*) + b(a* + 2ab + b*)
=a +2a°b + ab® + ba® + 2ab” + b’
=a +3a’b +3ab® + b’
So we have a new identity:
(a+b)* =da +3a’b + 3ab® + b’
We can continue to build identities in this way:
(a+b)* =a* +4a’b + 6a°b* + 4ab® + b*

We will give the general expansion of (a + b)" in Chapter 10.

= A polynomial function is a function that can be written in the form
P(x) = ap X" + a1 X4+ aix + ag

where 7 is a natural number or zero, and the coefficients ay, .. ., a, are real numbers
with a,, # 0. The leading term is a,x" (the term of highest index) and the constant
term is aop (the term not involving x).

m The degree of a polynomial is the index 7 of the leading term.

m The sum, difference and product of two polynomials is a polynomial. Division does not
always lead to another polynomial.

m Two polynomials P and Q are equal only if their corresponding coefficients are equal.
Two cubic polynomials, P(x) = asx> +ar x> +a;x+ag and Q(x) = b3x> +byx> + by x+ by,
are equal if and only if a3 = b3, ay = by, a; = by and ag = by.
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214 Chapter 6: Polynomials 6A

____Exercise B}

Example1. 1 Let P(x) = x> —3x> - 2x + 1. Find:

a P(1) b P(-1) c PQ2) d P(-2)
2 Let P(x) = 8x —4x> —2x + 1. Find:
1 1
a #(3) b #(-3)
3 Let P(x) = x> +4x> — 2x + 6. Find:
a P0) b P(1) c P(2)
d P(-1) e Pa) f PQa)

Example2] 4 a Let P(x) = x> + 5x% — ax — 20. If P(2) = 0, find the value of a.
b Let P(x) = 2x° + ax?> — 5x — 7. If P(3) = 68, find the value of a.
¢ Let P(x) = x* + x> = 2x + ¢. If P(1) = 6, find the value of c.
d

Let P(x) = 3x% = 5x3 + ax? + bx + 10. If P(=1) = P(2) = 0, find the values of a
and b.

e Let P(x) = X — 3x* + ax® + bx* + 24x — 36. If P(3) = P(1) = 0, find the values of a
and b.

example3| 5 Let f(x) = x> —2x% +x, g(x) = 2 —3x and A(x) = x* + x. Simplify each of the following:

a f(x)+gx) b f(x)+ h(x) c flx)—g)
d 3f(x) e f(x)gx) f g(x)h(x)
g f(x)+g(x) + h(x) h f(x)h(x)
6 Expand each of the following products and collect like terms:
a (x—-2)(x*-2x+3) b (x—4)(*-2x+3) c (x—DH2x*-3x-4)
d x-2)x*+bx+c) e 2x+ 1DH(x*-4x-3)

Example4| 7 Itis known that x> — 7x% + 4x + 12 = (x + 1)(x* + bx + ¢) for all values of x, for suitable
values of b and c.

a Expand (x + 1)(x? + bx + ¢) and collect like terms.
b Find b and ¢ by equating coefficients.

¢ Hence write x> — 7x% + 4x + 12 as a product of three linear factors.
8 Letx?+6x—2=(x—b)>+ c. Find the values of b and ¢ so that this is true for all x.

9 a Expand (a + b)>.
b Expand (a + b)°.

10 Use the identity (a + b)* = a* + 4a’b + 6a*b* + 4ab’ + b* to expand:
a (x—-y* (Leta=xandb = —y.)
\/ b 2x+y)* (Leta=2xandb=y.)
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6B Division of polynomials 215

6B Division of polynomials

In order to sketch the graphs of many cubic and quartic functions (as well as higher degree
polynomials) it is often necessary to find the x-axis intercepts. As with quadratics, finding
x-axis intercepts can be done by factorising and then solving the resulting equation using the
null factor theorem.

All cubics will have at least one x-axis intercept. Some will have two and others three.

We shall first look at the techniques for dividing one polynomial by another. One process for
division of polynomials is exactly the same as the long division process for numbers.

» Long division with positive integers
We show the process for 274 + 13.

21
13 ) 274
26
14
13
1
We have
274 =13 x21 + 1

Here 274 is the dividend, 13 the divisor, 21 the quotient and 1 the remainder.

When we divide the number p by d we obtain two integers, g the quotient and r the
remainder, such that

p=dg+r and 0<r<d
For example,
27=4%x6+3
If r = 0, then d is a factor of p. For example, 24 = 4 X 6.

» Long division with polynomials

The process for dividing a polynomial by a linear polynomial follows very similar steps. For
example, (x> + 7x + 11) = (x — 2) gives

x+9
x=2) 2+ 7x+ 11 Divide x? by x. This gives x.
x> —2x Multiply x — 2 by x and subtract from x? + 7x + 11.
9x+ 11 This leaves 9x + 11. Now x into 9x goes 9 times.

9x - 18 Multiply x — 2 by 9 and subtract from 9x + 11.

29 This leaves 29 remainder.
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216 Chapter 6: Polynomials

Thus (x* + 7x + 11) = (x = 2) = x + 9 with remainder 29. We write
¥+ Tx+11=(x=2)(x+9)+29

We can see in this example that x — 2 is not a factor of x*> + 7x + 11. We can also write the
result as

2+Tx+11 Lo 29
R —————. 1 —_—
x—2 x—2

In this example:
m x2+ 7x+ 11 is the dividend
m x — 2 is the divisor

m 29 is the remainder.
When we divide the polynomial P(x) by the polynomial D(x) we obtain two polynomials,
Q(x) the quotient and R(x) the remainder, such that
P(x) = D(x)Q(x) + R(x)
and either R(x) = 0 or R(x) has degree less than D(x).

Here P(x) is the dividend and D(x) is the divisor.

Note: If R(x) = 0, then D(x) is a factor of P(x). For example, let P(x) = x> + 6x + 8
and D(x) = x+ 2. Then P(x) = (x +2)(x +4) = D(x)(x + 4) + 0.

Divide x* + x* — 14x — 24 by x + 2.

Solution Explanation
2_x—12 ® Divide x, from x + 2, into the leading term x° to get x.
.t 2) P+ _14r_24 ™ Multiply x* by x + 2 to give x° + 2x°.
3422 m Subtract from x* + x? — 14x — 24, leaving —x* — 14x — 24.
—x2 — 14x - 24 m Now divide x, from x + 2, into —x? to get —x.
-2 -2 m Multiply —x by x + 2 to give —x* — 2x.
 _12x-24 m Subtract from —x? — 14x — 24, leaving —12x — 24.
—12x—24 m Divide x into —12x to get —12.
70 m Multiply —12 by x + 2 to give —12x — 24.
m Subtract from —12x — 24, leaving remainder of 0.

In this example we see that x + 2 is a factor of X3 + x2 = 14x — 24, as the remainder is zero.
Thus (x> + x* — 14x — 24) + (x + 2) = x> — x — 12 with zero remainder.
X+ xr—14x-24
x+2

=X —x-12
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6B Division of polynomials 217

Divide 3x* + x — 3 by x — 2.

Divide x into 13x to get 13.
Multiply 13 by x — 2 to give 13x — 26.

Subtract from 13x — 3, leaving remainder of 23.

Solution Explanation
32 + 6x + 13 Here there is no term in x%, however we can rewrite the
x—2) 35+ 02 + 13 polynomial as 3x> + 0x? + x — 3.
3x° — 622 m Divide x, from x — 2, into 3x> to get 32
6x2 +x—3 m Multiply 3x? by x — 2 to give 3x° — 6x2.
6x2 — 12x m Subtract from 3x® + 0x” + x — 3, leaving 6x° + x — 3.
13x -3 m Now divide x, from x — 2, into 6x2 to get 6x.
13x - 26 m Multiply 6x by x — 2 to give 6x* — 12x.
23 m Subtract from 6x> + x — 3, leaving 13x — 3.
|
[
|

From this example, we have

3¢ +x -3 = (x—2)(3x* + 6x + 13) + 23
Alternatively, we can write

368 +x-3 23

=3 +6x+ 13+
x—2 X —

» Equating coefficients to divide

We will briefly outline how to carry out divisions by equating coefficients as shown in the
first section of this chapter.

To divide x* — 7x> + 5x — 4 by x — 3, first write the identity
X =T +5x—4=(x=-3)*+bx+c)+r

We first find b, then ¢ and finally r by equating coefficients of the left-hand side and
right-hand side of this identity.

x2 term Left-hand side: —7x°. Right-hand side: —3x> + bx*> = (=3 + b)x°.
Therefore —3 + b = —7. Hence b = —4.

x term Left-hand side: 5x. Right-hand side: 12x + cx = (12 + ¢)x.

Therefore 12 + ¢ = 5. Hence ¢ = —7.

constant term  Left-hand side: —4. Right-hand side: 21 + r.
Therefore 21 + r = —4. Hence r = —25.

So we can write x> — 7x% + 5x — 4 = (x — 3)(x* — 4x = 7) — 25.
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218 Chapter 6: Polynomials

We do the following example using this method. You can see how the long division has the
same arithmetic steps.

Note: There is a discussion of a different method (synthetic division) in Appendix A.

(=== | Divide 3x> +2x> —x—2by2x + 1.

Solution Explanation
30 1 s ‘We show the alternative method here.
PR
v+ 1 ) 305 + 202 —x—2 First write the identity
38 + 22 8o S = N L EN  ae EG)E
. 3.
% 2—x-2 Equate coefficients of x3 :
3 = 2a. Therefore a = 3.
12+ 1y
CI Equate coefficients of x2:
I quate coefficients of x*:
& _ _ 1 3y _ 1
g 2 =a+2b. Therefore b = 5(2 - 35) = 5.
5 5
173 Equate coeficients of x:
—1% —1 = 2c¢ + b. Therefore ¢ = %(—1—%)=—§.

Equate constant terms:
—2 = c¢ + r. Therefore r = =2 + % = 4L

L
Using the TI-Nspire

Use propFrac() from > Algebra > MM182
Fraction Tools > Proper Fraction as shown.

2:x+1

3'x3+2'x2—x—2]

propFrac(

X
g(2x+1) 2 4 8

Using the Casio ClassPad

Main
m In g, select from the (Math1 | keyboard. % Edit Action Interactive
3 +2xP—-x-2 ['E%I&»I{f‘,&jlsmp]fiwlv[%klvrt
= Enter the expression .
2x+ 1 32" 3+2x" 2—x—2
. . . . propFrac ( Dot )
m Highlight the expression and go to Interactive > b
2
Transformation > Fraction > propFrac. 3x” X 11 5
prop 2 T4 8 (2x+l) 8
a0
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6B 6B Division of polynomials 219

» Dividing by a non-linear polynomial

We give one example of dividing by a non-linear polynomial. The technique is exactly the
same as when dividing by a linear polynomial.

Example 8

Divide 3x® — 2x% + 3x —4 by %> — 1.

Solution Explanation

3x -2 We write x2 — 1 as x2 + 0x — 1.
x2 +0x — 1)3x3 —2x2 +3x—4

33 +0x% — 3x

—2x2+6x—4
—2x2 +0x+2
6x—06

238 =22 43 x—-4=(*-1)Bx-2)+6x-6

m When we divide the polynomial P(x) by the polynomial D(x) we obtain two
polynomials, Q(x) the quotient and R(x) the remainder, such that

P(x) = D(x)Q(x) + R(x)

and either R(x) = 0 or R(x) has degree less than D(x). The polynomial P(x) is the
dividend.

m Two methods for dividing polynomials are long division and equating coefficients.
A third method is presented in Appendix A.

S ercise

1 For each of the following, divide the polynomial by the accompanying linear

expression:
a X +xr-2x+3, x—1 b 2¥3+x2—4x+3, x+1
c 3 —4x2+2x+1, x+2 d 23 -3x2+x-2, x-3

2 For each of the following, divide the polynomial by the accompanying linear

expression:
a X +3x—-4, x+1 b 23 +17x+15, x+4
c X +4x2+2, x+3 d *-3x2+6x, x-2

3 For each of the following, divide the polynomial by the accompanying linear expression
and hence show that the linear expression is a factor of the polynomial:

a xX>—x+3x+5, x+1 b 2x3+6x*>—14x-24, x+4
c X>-5x2+18, x-3 d 323 -7x2—4x+12, x-2
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220 Chapter 6: Polynomials

4
Example 7| 5
6
Example8| 7

v

Find the quotient and remainder when the first polynomial is divided by the second:
a X +2x%-3x+1, x+2 b x¥*-3x2+5x-4, x-5
c 23 —x2=3x=-7, x+1 d 5x3-3x+7, x—-4

For each of the following, divide the polynomial by the accompanying linear

expression:
a xX+6x2+8x+11, 2x+5 b 2xX3+5x2-4x-5, 2x+1
c 23 +3x2—32x+15, 2x— 1 d 2*-3x2+1, 3x-1
S22 +5x+1
a Write al al o in the form P(x) + L], where P(x) is a quadratic
X—

X—
expression and a is a real number.

2x3 —2x% + 5x+3
b Write = al ol in the form P(x) + a
. 2x -1 2x—1
expression and a is a real number.

, where P(x) is a quadratic

For each of the following, divide the polynomial P(x) by the polynomial D(x):
P(x) = 233 —6x% —4x + 12, D(x) = x2=2

P(x)=x*-6x>+x—-8, D(x)=x*>+1

P(x) = 2x3 — 6x* —4x + 54, D(x) = x* =2
P(x)=x*-2x"-7x>+7x+5, D(x) = x> +2x— 1
Px)=x*—xX+7x+2, D(x) =x>+2x-1

P(x) =2x* + x> + 13x+ 10, D(x) =2x> —x + 4

- ® QO n T o

6C Factorisation of polynomials

swiisheet) » Remainder theorem

Since the aim of factorising a cubic is usually to solve an equation or to find the x-axis

intercepts of a graph, the first step is to establish whether a particular linear expression

is a factor of the given cubic or not. It is possible to do this without actually doing the

division process.

Let P(x) = x> +3x% +2x + 1.

Divide P(x) by x — 2:

X2 +5x+12
x—2)x3+3x2+2x+1
x*—2x°
S5x%+2x+1
5x% — 10x
12x+1
12x —24
25
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6C Factorisation of polynomials 2271

The remainder is 25.

Now P(2) = (2)* +3(2)* +2(2) + 1
=8+12+4+1
=25

The example suggests that, when P(x) is divided by x — a, the remainder is equal to P(a.).
This is in fact true, and the result is called the remainder theorem.

It is proved as follows. Suppose that, when the polynomial P(x) is divided by x — a, the
quotient is Q(x) and the remainder is R. Then

P(x) =(x—-)0(x)+R

Now, as the two expressions are equal for all values of x, they are equal for x = a.
P(o) = (a—a)Q(a) + R .. R=Pw)

i.e. the remainder when P(x) is divided by x — o is equal to P(a). We therefore have
P(x) = (x = a)Q(x) + P(a)

More generally:

Remainder theorem
When P(x) is divided by Px + a, the remainder is P(—%).

Use the remainder theorem to find the value of the remainder when:
a P(x) = x° = 3x> + 2x + 6 is divided by x — 2
b P(x) = x* — 2x + 4 is divided by 2x + 1.

Solution Explanation
a P2)=2)’°-32?%+22)+6 We apply the remainder theorem by
—8—-12+4+6 evaluating P(2).
=6
The remainder is 6.
1 1)} 1 .
b P(_E) = (_E) - 2(—5) +4 We apply the remainder theorem by
| o evaluating P(—%).
=—+1+
8
_ 39
-8

The remainder is %

Note: It is not necessary to perform polynomial division to find the remainder.
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222 Chapter 6: Polynomials

Example 10

When P(x) = x> + 2x + a is divided by x — 2, the remainder is 4. Find the value of a.

Solution Explanation
P2)=8+4+a=4 We apply the remainder theorem to form a
Therefore a = —8. linear equation in a.

» Factor theorem

Now, in order for x — a to be a factor of the polynomial P(x), the remainder must be zero. We
state this result as the factor theorem.

Factor theorem
For a polynomial P(x):
m If P(a) = 0, then x — a is a factor of P(x).

m Conversely, if x — a is a factor of P(x), then P(a) = 0.

More generally:
m If Bx + a is a factor of P(x), then P(—g) =0.
m Conversely, if P(—%) = 0, then Bx + a is a factor of P(x).

Example 11
(e— )

Show that x + 1 is a factor of x> — 4x2 + x + 6 and hence find the other linear factors.

Solution Explanation
Let PX)=x -4’ +x+6 We can use the factor theorem to find one
Then P(-1) = (_1)3 _ 4(_1)2 +(=1)+6 factor, and then divide to find the other two

0 linear factors.

. Here is an alternative method:
Thus x + 1 is a factor (by the factor

theorem). Once we have found that x + 1 is a factor,

o we know that we can write
Divide by x + 1 to find the other factor:

=4 +x+6=x+ DO +bx+c)

x> —5x+6
x+1 ) -4 +x+6 By equating constant terms, we have
X+ 2 6 =1 X c. Hence c = 6.
-5x2+x+6 By equating coefficients of x>, we have
—5x% - 5x —4 =1+ b. Hence b = -5.
6x+6 X =4+ x+6=(x+ D2 -5x+6)
6x+6
0
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6C Factorisation of polynomials 223

X =4+ x+6=(x+ 1)*-5x+6)
=(x+DHx-3)(x-2)
The linear factors of x> — 4x% + x + 6 are

(x+ 1), (x—3)and (x — 2).

Thinking about the numbers involved in the process of factorisation gives us a way of
searching for factors. For example, consider the polynomial x* — 2x> — 5x + 6. Assume this
polynomial has a linear factor x — a, where o is an integer.

Then we can write
¥ =2x2=5x+6=(x—a)(x*+bx+c)
= x> —(a—b)x* - (ab - ¢)x — ac

By considering the constant term, it can be seen that aic = —6. Therefore a divides 6. (Since
o is an integer, it follows that b and ¢ are too.)

Thus only the factors of 6 need be considered (i.e. +1, +2, +3, +6).

Try these in turn until a value for a makes P(c) = 0. This process is completed in the
following example.

Example 12

Factorise x> — 2x% — 5x + 6.

Solution Explanation
P(1)=1-2-5+6=0 The factors of 6 are +1, +2, +3, +6.
.. x —11s a factor. We evaluate the first option, P(1), which

in fact equals 0. If P(1) did not equal 0,
we would try the other factors of 6 in turn

Now divide to find the other factors:

X—x-6 . .
t—1 ) 522 — 5116 until a zero result is found.
-2
i — S
—2+x
—6x+6
—6x+6

0
X =2 =5x+6=(x—-1D)*-x-6)

=(x-Dx-3)(x+2)

Note that, for some cubics, the quadratic factor may not be able to be factorised. For such
cubics there will only be one linear factor. The implications of this will be discussed later in
the chapter when considering the graphs of cubic functions.
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224 Chapter 6: Polynomials

Using the TI-Nspire

Use factor() from > Algebra > Factor to
. . 3 2 ”

factorise the expression x° — 2x° — 5x + 6. factor[r3-2-x2-5-x+6) (x=3) (e-1)- (x+2)

Using the Casio ClassPad

Main .
m In g, enter the expression x* — 2x*> — 5x + 6. & Edit Action Interactive
= Highlight the expression and go to Interactive > 63| v | i i 1o v [ A |+
Transformation > factor. factor (x~3—2x"2-5x+6)

(x+2)+ (x—1)+(x-3)
]

» Rational-root theorem
Consider the cubic polynomial
P(x) =23 - x> —x-3

We can easily show that P(1) # 0, P(-1) # 0, P(3) # 0 and P(-3) # 0. Hence the equation
P(x) = 0 has no solution that is an integer.

Does it have a rational solution, that is, a fraction for a solution?

The rational-root theorem helps us with this. It says that if o and 3 have highest common
factor 1 (i.e. o and P are relatively prime) and fx + o is a factor of 2x* — x> — x — 3, then 3
divides 2 and o divides —3.

Therefore, if _ is a solution of the equation P(x) = 0 (where o and P are relatively prime),

then 3 must divide 2 and o must divide —3. So the only value of § that needs to be considered
is2,ando==+3ora=+I.

1 3
We can test these through the factor theorem. That is, check P(*E) and P(i 5) We find

n3)=2) - (6 -(3)-3

We have found that 2x — 3 is a factor.
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6C Factorisation of polynomials 225

Dividing through we find that
268 - —x=3=02x=-3)(*+x+1)

We can show that x?> + x + 1 has no linear factors by showing that the discriminant of this
quadratic is negative.

Example 13

Factorise P(x) = 3x> + 8x%> + 2x — 5.

Solution Explanation
P(1)=8 #0, P(-1)=-2+0, The only possible integer solutions
P(5) = 580 # 0, P(=5) = —190 # 0, are 5 or £1. So there are no
5 integer solutions. We now use the
P(—g) =0 rational-root theorem.

a . .
Therefore 3x + 5 is a factor. If —— is a solution, the only value of 3

o . that needs to be considered is 3 and
Dividing gives
a==x50ra==l.
38 + 8% +2x—5=Cx+ 5 +x-1)

We complete the square for x> + x — 1 to

factorise:
x2+x—1:x2+x+l—l—1
4 4
(o4 -3
2 4
(et D)t
2 2 2 2

Hence

\/5)( 1 \/5)

1
P(x)—(3x+5)(x+§+7 xrs -2

Here is the complete statement of the theorem:

Rational-root theorem

Let P(x) = a,x" + a,_1X"~' + -+ + a; x + ag be a polynomial of degree n with all the
coefficients a; integers. Let a and [ be integers such that the highest common factor
of a and B is 1 (i.e. a and [ are relatively prime).

If Bx + a is a factor of P(x), then [ divides a, and a divides aj.

A proof of the rational-root theorem is given in Appendix A.
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226 Chapter 6: Polynomials

» Special cases: sums and differences of cubes

Example 14

Factorise x> — 27.

Solution Explanation
Let P(x)=x-27 The division can also be performed using
Then P(3)=27-27=0 the method of equating coefficients:

o B o i Let x> — 27 = (x = 3)(x* + bx + ©).

Divide to find the other factor: Equating constant terms gives ¢ = 9.

2 +3x+9 Equating coefficients of x? gives
x=3) x> +0x% +0x-27 —3+b=0,andso b = 3.
x> —3x°
322 +0x—-27
3x% - 9x
9x — 27
9x — 27
0

X =27=(x-3)(x*+3x+9)

In general, if P(x) = x* — a®, then x — a is a factor and so by division:

©-d= (x— a)()c2 +ax + az)

If a is replaced by —a, then
¥ = ()’ = (x = (~@))(x* + (~a)x + (-a)’)

This gives:

C4a=x+a)x® —ax+ad)

Example 15

Factorise 8x> + 64.
Solution
8x° + 64 = 2x)° + (4)°
= (2x + 4)(4x* — 8x + 16)
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m Remainder theorem When P(x) is divided by px + a, the remainder is P(—%).

m Factor theorem
e If Bx + a is a factor of P(x), then P(—%) =0.

o Conversely, if P(—%) = 0, then Bx + a is a factor of P(x).

®m A cubic function can be factorised using the factor theorem to find the first linear factor
and then using polynomial division or the method of equating coefficients to complete
the process.

m Rational-root theorem Let P(x) = a,x" + a,_1x*"! + -+ + a;x + agp be a polynomial
of degree n with all the coefficients a; integers. Let a and [ be integers such that the
highest common factor of o and 8 is 1 (i.e. a and { are relatively prime). If fx + a is a
factor of P(x), then 3 divides a, and a divides aj.

m Difference of two cubes: x° — @’ = (x — a)(x* + ax + a?)

m Sum of two cubes: x* + a® = (x + a)(x? — ax + a°)

______Exercise [d

example9| 1  Without dividing, find the remainder when the first polynomial is divided by the

second:

a X-x-3x+1, x-1 b X*-3x2+4x-1, x+2

c 283 =22 +3x+1, x=-2 d ¥*-2x+3, x+1

e X*+2x-5 x-2 f 23 +3x% +3x-2, x+2
g6—5x+9x2+10x3, 2x+3 h 1003 -3x2+4x-1, 2x+1

i 108x° —27x* -1, 3x+1

Example 10, 2  Find the value of a for each of the following:
a x* + ax® + 3x — 5 has remainder —3 when divided by x — 2
b x* + x? — 2ax + a® has remainder 8 when divided by x — 2
¢ x* = 3x? + ax + 5 has remainder 17 when divided by x — 3
d x* + x? + ax + 8 has remainder 0 when divided by x — 1

Example 11| 3  Without dividing, show that the first polynomial is exactly divisible by the second

polynomial:
a X-—x+x-1,x-1 b ¥+3x2-x-3, x—1
c 2 -3x2—11x+6, x+2 d 22— 13x2+27x—-18, 2x-3

4 Find the value of m if the first polynomial is exactly divisible by the second:
a X —4xr+x+m x-3 b 2x*-3x>-m+1)x-30, x-5
c X—m+Dx>—x+30, x+3
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228 Chapter 6: Polynomials

example 12| 5  Factorise each of the following:

a2 +x*-2x-1 b x*+3x>+3x+1
c 6xX°—13x>+13x-6 d x*-21x+20

e 2x +3x° -1 frP-x>-—x+1

g 4x° +3x-38 h 48 +4x* - 11x-6

6 Find the remainder when (1 + x)* is divided by x + 2.

6C

example 13| 7  Use the rational-root theorem to help factorise each of the following cubic polynomials:

a 2x3 -7+ 16x-15 b 2x3-3x2+8x+5
c 233 -3x2-12x-5 d 2x3—x>-8x-3

example 15| 8 Factorise each of the following:

ax*-1 b x*+64
c 27x° -1 d 64x® - 125
e 1-1254° f 8+27x°
g 64m® - 27n° h 27b° + 84°
9 Factorise each of the following:
axX+x’-x+2 b 3x*-7x*+4
¢ X*—4x>+x+6 d 6x°+17x*-4x-3

10 Find the values of a and b and factorise the polynomial P(x) = x> + ax? — x + b, given

that P(x) is divisible by x — 1 and x + 3.

11 a Show that, for any constant a and any natural number n, x — a is a factor of x* — a".

b Find conditions (if any) on 7 that are required in order that:

i x+aisafactor of X" + a"

il x+ aisa factor of x* — a".

12 The polynomial P(x) has a remainder of 2 when divided by x — 1 and a remainder of 3
when divided by x — 2. The remainder when P(x) is divided by (x — I)(x —2) is ax + b,

i.e. P(x) can be written as P(x) = (x — 1)(x — 2)Q(x) + ax + b.
a Find the values of a and b.

b i Given that P(x) is a cubic polynomial with coefficient of x> being 1, and —1 is a

solution of the equation P(x) = 0, find P(x).
/ ii Show that the equation P(x) = 0 has no other real solutions.
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6D Solving cubic equations 229

6D Solving cubic equations

In order to solve a cubic equation, the first step is often to factorise. We start with an example
of a cubic already written in factorised form.

Example 16

Solve (x —2)(x + 1)(x+3) = 0.

Solution Explanation
Using the null factor theorem, In this example, the cubic has
(x —2)(x + 1)(x + 3) = 0 implies already been factorised.

x=2=0 or x+1=0 or x+3=0

Thus the solutions are x = 2, —1 and —3.

In the following example, a common factor of x is first taken out.

Example 17

Solve each of the following equations for x:

a2xx@-x¥*-x=0 b x*+2x*-10x=0
Solution
a 2x° -2 -x=0 b ¥ +2x°-10x=0
X2 -x-1)=0 x( +2x-10)=0
x2x+1)(x=1)=0 x(x+2x+1-11)=0
wx=0orx=-lorx=1 x(x+ 1= VIDx+1+ Vi) =0

2
“x=0orx=-1+Vllorx=-1-V11

In the following example, grouping is used to factorise.

Example 18

Solve each of the following equations for x:

a ¥ —-4x2-11x+44=0 b X¥-ax2-11x+11a=0
Solution
a ©-4x>-11x+44=0 b x*-ax*-11x+1la=0
Px-4)-11x-4=0 ¥(x-a)-1l(x-a)=0
Therefore (x — 4)(x> — 11) = 0 Therefore (x — a)(x* — 11) = 0
Hence x = 4 or x = +V11 Hence x = a or x = +V11
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230 Chapter 6: Polynomials

In the following two examples, the factor theorem is used to find a linear factor.

Example 19

Cambridge Senior Maths AC/VCE
Mathematical Methods 1&2

Solve x* —4x> — 11x+ 30 = 0.
Solution
Let P(x)=x>—4x*—11x+30
Then P(1)=1-4-11+30+#0
P(-1)=-1-4+11+30+#0
P2)=8-16-22+30=0
.. x — 2 1is afactor.

By division or inspection,

X —4x* = 11x +30 = (x - 2)(x* — 2x — 15)

=(x-2)(x=5)(x+3)

Lx=2D)(x=-5x+3)=0
x—2=0o0rx—-5=00rx+3=0

Sox=2,50r-3

Example 20

Solve 2x* — 5x* + 5x -2 = 0.
Solution
Let P(x)=2x"—5x*+5x-2
Then P(1)=2-5+5-2=0
.. x — 11is afactor.
By division or inspection,
207 = 5x% +5x -2 = (x — D2x* - 3x+2)
L(x=DRx2=3x+2)=0

Lx=1
Using the TI-Nspire

Use solve() from > Algebra > Solve to
solve the equation 2x> — 5x% + x + 2 = 0.
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Explanation

In this example we first identify
a linear factor using the factor
theorem.

The factorisation is completed using
one of the methods given in the
previous section.

Explanation

First find a linear factor using
the factor theorem. Then find the
quadratic factor by division.

The discriminant of this quadratic is
a negative number, so this quadratic
cannot be factorised further. Hence
there is only one linear factor and
therefore only one solution.

2

+x+2-0,x]

solve(?.-x"‘—s-x

!
x=— orx=1orx=2
2
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Using the Casio ClassPad

m Go to the main screen i’% € Edit Action Interactive
= Select solve( from the keyboard. 53] o 1] sime| o | [ |+ ]:
= Enter the equation 2x* — 5x> + x +2 = 0. solve (2x"3=5x" 24+x+2=0) 4 ]
» Close the bracket and tap (EXE). {x=1 ,xX=2, x=—%}

0

Cubic polynomial equations can be solved by first using an appropriate factorisation
technique. Factorisation may involve:

B extracting a simple common factor

m using the factor theorem

polynomial division or equating coefficients

sum or difference of two cubes

using the quadratic formula to complete the factorisation.

S ercise 8

example 16| 1 Solve each of the following:
a (x-Dx+2)x-4)=0 b (x-4)*x-6)=0
c 2x-Dx-3)3x+2)=0 d x(x+3)2x-5)=0
Example 17| 2 Solve each of the following:
a xX-2x>-8x=0 b x*+2x*-11x=0
c xX*-3x2-40x=0 d X +2x>-16x=0

Example 18] 3  Use grouping to solve each of the following:

axr-22+x-1=0 b ¥*+x2+x+1=0

c X-5x2-10x+50=0 d ¥ -ax*-16x+16a=0

example 19| 4 Solve each of the following:

a xX-19x+30=0 b 3x-4x>-13x-6=0
c X-x*-2x+2=0 d 523 +12x2-36x-16=0
e 6X°-5x2-2x+1=0 f2x3-3x2-29x-30=0
5 Solve each of the following for x:

a XC+x2-24x+36=0 b 6x°+13x2-4=0
c X-x*-2x-12=0 d 23 +3x2+7x+6=0
e ¥-x*-5x-3=0 f XP+x2-11x-3=0
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232 Chapter 6: Polynomials

6 Solve each of the following equations for x:
a 2x’ = 16x b 2(x-1)° =32 c x*+8=0

1
d 2x°+250=0 e 1000 = —
X

7 Factorise each of the following cubic expressions, using a calculator to help find at least
one linear factor:
a 2x3 —22x? —250x + 2574 b 2x3 +27x* +52x-33
\/ ¢ 2x3 —9x? — 242x + 1089 d 2x° +51x% + 304x — 165

6E Cubic functions of the form f(x) = a(x — h)? + k

In Chapter 3 we saw that all quadratic functions can be written in ‘turning point form’ and
# that the graphs of all quadratics have one basic form, the parabola. This is not true of cubic
functions. Let us first consider those cubics that are of the form

f(x)=a(x—h)’ +k
The graphs of these functions can be formed by simple transformations of the graph of
f(x) = x°.
For example, the graph of f(x) = (x — 1) + 3 is obtained from the graph of f(x) = x> by a

translation of 1 unit in the positive direction of the x-axis and 3 units in the positive direction
of the y-axis.

» Transformations of the graph of f(x) = x*
Dilations from an axis and reflections in an axis

As with other graphs it has been seen that changing the value of a simply narrows or
broadens the graph without changing its fundamental shape. Again, if a < 0, the graph is
reflected in an axis. Note that reflecting in the x-axis and reflecting in the y-axis result in the

same graph. This is because (—x)? = —x°.

For example:
y=x3 y=3x3 y

Y y Y
A A

It should be noted that the implied domain of all cubics is R and the range is also R.
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Point of inflection

The significant feature of the graph of a cubic of this form is the point of inflection (a point
of zero gradient). This will be discussed fully in Chapter 18, but for the moment we note that
it is the ‘flat point’ of the graph.

The point of inflection of y = x° is at the origin (0, 0).

Vertical translations
By adding or subtracting a constant term to y = x>, the graph moves either ‘up’ or ‘down’.

The graph of y = x* + k is the basic graph moved k units up (for k > 0). The point of
inflection becomes (0, k). In this case, the graph of y = x* is translated k units in the positive
direction of the y-axis.

Horizontal translations

The graph of y = (x — h)? is simply the basic graph moved / units to the ‘right’ (for # > 0).
The point of inflection is at (%, 0). In this case, the graph of y = x3 is translated / units in the
positive direction of the x-axis.

General form
For the graph of a cubic function of the form
y=a(x—h)+k
the point of inflection is at (4, k).

When sketching cubic graphs of the form y = a(x — h)* + k, first identify the point of
inflection. To add further detail to the graph, find the x-axis and y-axis intercepts.

Example 21

Sketch the graph of the function y = (x — 2)° + 4.

Solution

The graph of y = x* is translated 2 units to the right and

4 units up.
Point of inflection is (2, 4).
x-axis intercept: y-axis intercept:
Lety=0 Letx=0

0=(x-2)>+4 y=(0-2)°+4

—4=(x-2) y=-8+4

V=4=x-2 y=-4

x=2+V-4

~ 0.413
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;
» The functionf: R — R, f(x) = x3

The functions with rules of the form f(x) = a(x — h)® + k are one-to-one functions. Hence
each of these functions has an inverse function.

1
The inverse function of f(x) = x> is f~'(x) = x3.

y 7
A y=x3
J
// y=x
/
/
4 T
y=x3
> X
0

1
The graphs of y = x> and y = x3 are shown above.

1 1
The graph of y = x3 is instantaneously vertical at x = 0. The graphs of y = x> and y = x3

intersect at (1, 1) and (-1, —-1).

1
Sketch the graph of y = (x — 1)3 — 2.

9,0

Explanation
Find the axis intercepts.

The graph of
1
y=(x-13-2

1
is the graph of y = x3

Solution
When x = 0, ¥
1 A
y=(-D3 -2
=-1-2
=-3
When y = 0,
(v — 1)% —2=0
(x— 1)% =)
x-1=27

x=9

>x  translated 1 unit to the right
and 2 units down.

We find the inverse function of a cubic of the form y = a(x — h)* + k by using the technique

introduced in Chapter 5.
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Find the inverse function f~!' of f: R — R, f(x) = 2(x — 4)° + 3.

Solution Explanation
Interchange x and y: Remember that (x,y) € f if and only
x:2(y—4)3+3 if(y,X)Gf_l.
Solve for y:
x-3=20-4)
E=3
=(y—-4)>
=04
1
x—=3\3 . . .
y—4= ( 5 ) The opposite operation to cubing
1 is taking the cube root. That is,
-3\3 1
r=(5) V=3

1
Therefore f': R - R, f(x) = (x;3)3 +4

m The graph of y = a(x — h)* + k has the same shape as y = ax> but is translated 4 units in
the positive x-axis direction and k units in the positive y-axis direction (where 4 and k

are positive constants).
m The implied domain of all cubic functions is R.

1
m The functions f(x) = x> and f~!(x) = x3 are inverse functions of each other.

Exercise §9=

1 Using the method of horizontal and vertical translations, sketch the graph of each of the

following:
ay=x+27°-1 by=@x-1»-1 cy=(@x+37>+2
dy=x-2°+5 e y=(x+27>-5

2 Sketch the graphs of the following functions:
ay=2x+3 b y=2x-3)73+2 c3y=x-5
dy=3-x° e y=3-x)° fy==2x+1)3+1

g y=5(-37+2

3 Sketch the graph of each of the following:

1 1 1
ay=(x-1D3-2 b y=2x3 cy=2(x-3)3+1
1 1 1
d y=3(x+2)3-2 e y=-2x-3)3+2 fy=-2(x+3)3-2
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236 Chapter 6: Polynomials

example 23| 4 Find the inverse function of each of the following functions:
1
a f(x)=2x"+3 b f(x)=3x3 c fx)=2(x+17°+1
1 1 1
\/ d f(x)=2(x+3)3 -2 e f)==2x-13+4 f f(x)=-2x+2)3 -1

6F Graphs of factorised cubic functions

¢ The general cubic function written in polynomial form is
# y=ax +bx* +cx+d

There is a variety of graph shapes for cubic functions, depending on the values of the

coeflicients. The graph of a cubic function is not necessarily a simple transformation

(dilations, translations, reflections) of the graph of y = x.

All cubics have at least one x-axis intercept. We have seen that cubic functions of the form
f(x) = a(x — h)> + k have only one x-axis intercept, but these are not the only cubic functions
with one x-axis intercept. Some cubic functions have two and others have three.

The y-axis intercept is easily found by letting x = 0, and it is the point (0, d).

When sketching the graphs of cubics which are not of the form f(x) = a(x — h)* + k, begin by
finding the x-axis intercepts.

In the example below, the cubic is in factored form already.

Example 24

Sketch the graph of y = (x — 1)(x + 2)(x + 1). Do not give coordinates of turning points.
Solution
To find the x-axis intercepts, let y = 0. y

Then0=(x—1Dx+2)(x+ 1)
x—1=0o0orx+2=00rx+1=0

.. x-axis intercepts are 1, —1 and 2.

/AN (>
. 2 —N/l 2
To find the y-axis intercept, let x = 0.

-2
Theny =(0-1)0+2)(0+1)=-2.
.. y-axis intercept is —2.

Check the following by substituting values:

® Whenx>1,y>0. B When-1<x<1,y<0.

® When -2<x<-1,y>0. ®m When x < -2,y <0.

(Notice how the sign of the y-value changes from one side of an x-axis intercept to the
other.) Finally, consider what happens to the graph ‘beyond’ the x-axis intercepts:

m For x > 1,y > 0 and as x increases y increases.

m For x < -2,y < 0 and as x decreases y decreases.
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6F Graphs of factorised cubic functions 237

The polynomial form of the cubic in this example is y = x° + 2x*> — x — 2. The coefficient
of x3 is positive. We now see what happens when the coefficient of x? is negative.

The graph of the cubic function y
y=—x-2x>+x+2 A

is the reflection in the x-axis of the graph y=-x3-2x2+x+2
of the cubic function considered in 2 ’\
Example 24.

> X

T
-2 - N 2
When x > 1,y < 0. i,

When -1 <x<1,y>0.
When -2 < x < -1,y < 0.
When x < =2,y > 0.

m For x > 1,y < 0 and as x increases y decreases.

m For x < -2,y > 0 and as x decreases y increases.

At this stage the location of the turning points is unspecified. However, it is important to note
that, unlike quadratic graphs, the turning points are not symmetrically located between x-axis
intercepts. How to determine the exact values of the coordinates of the turning points will be
shown later in this book.

» Sign diagrams

A sign diagram is a number-line diagram which shows when an expression is positive or
negative.

The following is a sign diagram for a cubic function, the graph of which is also shown.

\e

y
A

B/\Y .
R

Graph
. o B
| 1 - x
- — 1 |

Sign diagram

Using a sign diagram requires that the factors, and the x-axis intercepts, be found. The y-axis
intercept and sign diagram can then be used to complete the graph.

This procedure is shown in Example 25.
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Sketch the graph of y = x> + 2x*> — 5x — 6.

Solution

238 Chapter 6: Polynomials

Let P(x)=x+2x*-5x—6

Then

P()=1+2-5-6%0

P(-1)=-14+2+5-6=0

.. x + 1 1is a factor.

By division, y = (x + 1)(x — 2)(x + 3).

.. x-axis intercepts are —1, 2 and 3.

When x < -3, y is negative.

When -3 < x < —1, y is positive.

When —1 < x < 2, y is negative.

When x > 2, y is positive.

This gives the sign diagram.

Using the TI-Nspire

In order to provide more detail, the coordinates
of the turning points can be found with a CAS

calculator.

= Enter fi(x) = x> + 2x> — 5x — 6 in a Graphs

application.

m Choose a suitable window ((menu) >
Window/Zoom > Window Settings).

m Use > Analyze Graph > Maximum.
m Move the cursor to the left of point (lower
bound), click, move to the right of point
(upper bound) and click to display the

coordinates.

m Repeat for other points of interest.

/

wyH

qs Tl 212 406 )

Note: Alternatively, use > Trace > Graph Trace to find the coordinates of the
two turning points. A label will appear near a turning point to indicate that the

calculator has found a local maximum or a local minimum.
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6F Graphs of factorised cubic functions 239

Using the Casio ClassPad

In order to provide more detail, the coordinates of the & File Edit Type ¢
turning points can be found with a CAS calculator. YHeE]y=| v [0 | &
= Go to the menu I:I.E'.eﬁ, select G raph & Table Sheet1TSheEtZTSheEtSTSheetﬂSheetE]
M y1=x3+2.x2-5.x-6 1
and tap the cursor next to yl. Cy2:0
v
= Enter x*> + 2x?> — 5x — 6. 0
m Tick the box and select to produce the graph. Cv4:0
= Choose a suitable window using [¢5] or a Eigg

combination of Zoom Out and Zoom Box. ey
v1=x"3+2:x"2-57g-6

m Tap in the graph screen to select it, then use
Analysis > G-Solve > Max to find the local 2. 12/2.0607)
maximum and Min to find the local minimum. BN o ¥ _Y_

Note: The maximum and minimum points must be

visible on the screen before carrying out the xe=—2. 119633 -¢f

analysis step.

Rad  Real

» Repeated factors

The polynomial function f(x) = (x — 1)?(x + 3) has a repeated factor. In this case (x — 1) is
repeated. Since the repeated factor is squared, it is easy to see that the sign of the y-value is
the same on either side of the corresponding x-axis intercept. (Of course we mean ‘close in’
to the x-axis intercept.)

If the factorised cubic has a repeated factor and another linear factor, there are only two
x-axis intercepts and the repeated factor corresponds to one of the turning points.

Example 26

Sketch the graph of y = x*(x — 1).

Solution

To find the x-axis intercepts, let y = 0.

Then x*(x — 1) = 0. y

Thus the x-axis intercepts are at x = 0 and x = 1.
Because the repeated factor is x, there is also a turning

point at x = 0. . . . > X

The y-axis intercept (letting x = 0) is at y = 0.
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240 Chapter 6: Polynomials

» Cubics with one x-axis intercept

Cubics of the form y = (x — a)’ have only one x-axis intercept. Some other cubics also have
only one x-axis intercept because, when they are factorised, they are found to have only one
linear factor, with the remaining quadratic factor unable to be factorised further.

Example 27

Sketch the graph of y = —(x — 1)(x* + 4x + 5).
Solution
To find the x-axis intercept, let y = 0.
First, we note that the factor x> + 4x + 5 cannot
be factorised further: 2
A = b* - 4ac
2 T T > X
=47 -4(1)(5) ) ] 0 )\
=4

.. there are no further linear factors.

Hence, when solving the equation —(x — 1)(x> + 4x + 5) = 0, there is only one solution.
.. x-axis intercept is x = 1.

To find the y-axis intercept, let x = 0. Then y = —(0 — 1)(0? + 4(0) + 5) = 5.

On a CAS calculator it is found that the turning points are at (0, 5) and (-1.82,2.91),
where the values for the coordinates of the second point are given to two decimal places.

Section summary

m The graph of a cubic function can have one, two or three x-axis intercepts.
m If a cubic can be written as the product of three linear factors, y = a(x—a)(x—p)(x—v),
then its graph can be sketched by following these steps:
o Find the y-axis intercept.
¢ Find the x-axis intercepts.
e Prepare a sign diagram.
o Consider the y-values as x increases to the right of all x-axis intercepts.
e Consider the y-values as x decreases to the left of all x-axis intercepts.
m If there is a repeated factor to the power 2, the y-values have the same sign immediately
to the left and right of the corresponding x-axis intercept.
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6F 6F Graphs of factorised cubic functions 241

I =" oF

example 24| 1 Sketch the graph for each of the following and draw a sign diagram. Label your sketch
graph showing the points of intersection with the axes. (Do not determine coordinates
of turning points.)
ay=x(x-1Dx-3) b y=Gx-Dx+Dx+2)
cy=2x-Dx-2)(x+3) dy=x-1Dx-2)(x-3)

Example 25| 2  Sketch the graph for each of the following and draw a sign diagram. Label your sketch
graph showing the points of intersection with the axes. (Do not determine coordinates
of turning points.)

ay=x-9% b y=x-4x>-3x+18
cy=-x+x>+3x-3 d y=3x-4x>-13x-6
e y=6x—5x>-2x+1 fy=2x-9x2+7x+6

Example26| 3  Sketch the graph for each of the following and draw a sign diagram. Label your sketch
graph showing the points of intersection with the axes. (Do not determine coordinates
of turning points.)

ay=@(x-1x-2)7> b y=x*(x-4)
c y=2x+1)>x-3) dy=x"+x?
e y=4x3-8x>+5x—1 fy=x-5x2+7x-3

example 27| 4  Sketch the graph for each of the following and draw a sign diagram. Label your sketch
graph showing the points of intersection with the axes. (Do not determine coordinates
of turning points.) Use your calculator to help sketch each of them.
a y=(x-1)(x*+1) (Note: There is no turning point or ‘flat point’ of this cubic.)
b y=(?+2)(x-4) (Note: There are two turning points.)

5 Sketch the graph for each of the following, using a CAS calculator to find the
coordinates of axis intercepts and local maximum and local minimum values:

ay=-4x-12x>+37x-15 b y=-4x>+19x-15
C y=—4x>+0.8x> + 19.8x - 18 d y=2x>+11x* + 15x
e y=2x+6x° fy=2+6x>+6
6 Show that the graph of f, where f(x) = x* — x*> — 5x — 3, cuts the x-axis at one point and
‘/ touches it at another. Find the values of x at these points.
Cambridge Senior Maths AC/VCE ISBN 978-1-107-52013-4 © Evans et al. 2016 Cambridge University Press

Mathematical Methods 1&2 Photocopying is restricted under law and this material must not be transferred to another party.



242 Chapter 6: Polynomials 6G

6G Solving cubic inequalities

Skillsheet » As was done for quadratic inequalities, we can solve cubic inequalities by considering the
graph of the corresponding polynomial.

Example 28

Find {x: x> + x> -5x+3 <0}

Solution Explanation
P(x)=x>+x*—5x+3 m Use the factor theorem to find
P()=1+1-5+3=0 initial linear factor.

. x — 1 is a factor. By division, y = (x — 1)*(x + 3). I (e e Hasion ol
= Find the axis intercepts.
m Sketch the graph.

(Note that this cubic has a

A repeated factor, and so (1,0)

There are only two x-axis intercepts, 1 and —3. The
y-axis intercept is 3.

is a turning point as well an
intercept.)

3
2 = Solve the inequality by
14 inspecting the graph.
7[3 2 1 2 = m Express the solution in formal

set notation.

From the graph we can see that y < 0 when x < -3
or when x = 1.

{x: X +x*=5x+3<0}=(-—00,=3]U {1}

Section summary

Cubic inequalities can be solved by sketching the graph of the corresponding cubic
function and analysing the graph.

C Y 6G

1 Solve the following cubic inequalities:

a (x—-Dx+2)(x-3)<0 b (x+Dx+2)(x-4)>0
c x-Dx=-22<0 d x(x+2)x-3)>0
e (x-12+8<0 fx*-1>0
g P*(x-4>0 h (x+3)(x*+2x+5) <0
2 Solve the following cubic inequalities. Begin by getting all of the terms on one side.

a x> >4x b x* <5x? c X +4x<4x°

\/ d 2 >9x e ¥-6x>+x2>6 foxrd—6x>—4x<-12
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6H Families of cubic polynomial functions 243

6H Families of cubic polynomial functions

Skillsheet » In Chapter 2 we considered the information that is necessary to determine the equation of a
straight line. In Chapter 3 this was considered for quadratic functions, and in Chapter 4 for
rectangular hyperbolas, circles and other types of functions.

Here are some examples of families of cubic polynomial functions:

y=ax’, a>0 The cubic graphs that are dilations from the x-axis
of y = x3.
y=a(x—-h}+k, a#0 The cubic graphs that are translations of y = ax’.

y=ax-2)(x+5)(x—-4), a#0 The cubic graphs with x-axis intercepts 2, —5 and 4.
y=ax*+bx*+cx, a#0 The cubic graphs that pass through the origin.

Recall that in this context we call a, b, ¢, h and k parameters.

» Finding rules for cubic polynomial functions

The method used for finding the equation from the graph of a cubic will depend on what
information is given in the graph.

If the cubic function has rule of the form f(x) = a(x — h)* + k and the point of inflection (4, k)
is given, then only one other point needs to be known in order to find the value of a.

For those that are not of this form, the information given may be some or all of the x-axis
intercepts as well as the coordinates of other points including possibly the y-axis intercept.

Example 29
(c— )

a A cubic function has rule of the form y = a(x — 2)* + 2. The point (3, 10) is on the graph
of the function. Find the value of a.

b A cubic function has rule of the form y = a(x — 1)(x + 2)(x — 4). The point (5, 16) is on
the graph of the function. Find the value of a.

Solution Explanation

ay=ax-2>+2 In each of these problems we substitute in

When x = 3, y = 10. Solve for a: the given values to find the unknown.

10=a3-2)°%+2 The coordinates of the point of inflection
5 of a graph which is a translation of y = ax
8=axl .
are known and the coordinates of one
a=8 further point are known.
b y=alx—Dx+2)(x—4) Three x-axis intercepts are known and the

Whenx =5,y = 16 coordinates of a fourth point are known.

16=a(5-1DE+2)(5-4)

16 = 28a
4
a= —
7
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244  Chapter 6: Polynomials

Example 30
(c— )

A cubic function has rule of the form f(x) = ax® + bx. The points (1, 16) and (2, 30) are on
the graph of the function. Find the values of a and b.

Solution
Since f(1) = 16 and f(2) = 30, we obtain the simultaneous equations

16=a+b @)
30=a(2’+2b (2
1
Multiply (1) by 2 and subtract from (2). This gives —2 = 6a and hence a = -3

49
Substitute in (1) to find b = =

Example 31

Determine the rule for the cubic function shown in each of the following graphs:

a y b y
A A
(3,2)
1_
1_
T T —>» X
1 0 1 2 3 . . > X
-1 0 1
14
4 (1,-2)
Solution Explanation
a y=a(x+1)(x-2)? The x-axis intercepts are —1 and 2, and the

Put (3,2) in the equation: graph touches the x-axis at 2. So the cubic

2 =a@)(D)

7 S0

has a repeated factor (x — 2).

Therefore the form of the rule appears to be
y=a(x+ D(x-2)%.
The ruleis y = $(x + 1)(x - 2)%.
by-2=akx+1)>? This graph appears to be of the form
y = a(x — h)} + k. As can be seen from the

To determine a, put the known point
graph, k =2 and h = —1.

(1, -2) into the equation:

-2-2=a@2)}
-4 = 8a
_l =7

2
The ruleisy — 2 = —=3(x + 1)*.

Cambridge Senior Maths AC/VCE ISBN 978-1-107-52013-4 © Evans et al. 2016 Cambridge University Press
Mathematical Methods 1&2 Photocopying is restricted under law and this material must not be transferred to another party.



6H Families of cubic polynomial functions 245

A cubic function f has rule f(x) = ax® + bx’> + cx +d. If

fy=0, f2=-7, f4)=27, f(5 =380
find the values of a, b, ¢ and d.

Using the TI-Nspire

= Define the function f(x) = ax’® + bx> + cx +d.

m Use > Algebra > Solve System of ST e P
Equations > Solve System of Equations. g
lete th - h -
Comp ete the pop-up sc.reen and entfar the o ,(3; ? el
equations as shown to give the solution to :}‘gz
the simultaneous equations. i i and o i e s
= An alternative method is also shown. solve(A(1)=0 and A2)=-7 and A8)=27 and AS)*
a=1and b=1and ¢=-17 and d=15 =

Using the Casio ClassPad

m In :%", enter f(x) = ax® + bx> + cx + d. 2 Edit Action Interactive
(Remember to use when entering the 23| b i sime |2 [+ [ 4|+ l_
variables a, b, ¢, d and when entering the Define f(x)=arx3+brx2tcxtd L
function name f.) done

= Highlight the expression and go to Interactive f(1)=0
> Define. Use the default function name f and iii;:;
variable x. £(5)=80|g, b, ¢, d

= In(Math1], select the simultaneous equations {a=1,b=1,0=-17, d=15} o

icon [{=]. Tap it twice more to expand for four
simultaneous equations.

= Enter the known values f(1) =0, f(2) = -7, f(4) = 27 and f(5) = 80 into the four
lines and enter the variables a, b, ¢, d in the bottom right separated by commas.

The rule of a cubic function can be determined if:

m the coordinates of four points on the graph are known

m the form of the function is known to be f(x) = a(x — a)*(x — B), and o and B and the
coordinates of one other point are known

m the form of the function is known to be f(x) = a(x — h)> + k, and the coordinates of the
inflection point (4, k) and one other point are known.

There are other sets of information which can be used to determine the rule of a cubic

function and more of these will be given in Chapter 18.
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6H

___ Exercise [y

Example 29 1

Example 30

2

Example 31

Cambridge Senior Maths AC/VCE

Mathematical Methods 1&2

a A cubic function has rule of the form y = a(x — 3)* + 1. The point (4, 12) is on the
graph of the function. Find the value of a.

b A cubic function has rule of the form y = a(x — 2)(x + 3)(x — 1). The point (3, 24) is
on the graph of the function. Find the value of a.

¢ A cubic function has rule of the form y = ax® + bx. The points (1, 16) and (2, 40) are
on the graph of the function. Find the values of a and b.

The graphs shown are similar to the

y
basic curve y = —x°. Find possible cubic 4 A b
functions which define each of the curves. a 3
5] (3.2)
1 .
T T T T T T ; x
321 \1 23456
Find the equation of the cubic function for which the graph is %
shown.
3,6)
0 - x

Find a cubic function whose graph touches the x-axis at x = —4, cuts it at the origin,
and has a value 6 when x = 3.

The graph of a cubic function has x-axis intercepts 1, 3 and —1 and y-axis intercept —6.
Find the rule for this cubic function.

A cubic function f has rule f(x) = (x — 3)(x> + @) and f(6) = 216. Find the value of a.

The graphs below have equations of the form shown. In each case, determine the

equation.
ay=ax—hy’+k b y=ax®+bx? Cy=ad
Y y
Y
A A A
(1,5 (1,5)
(3,2)
| ¥ N .
(-3,-1) 0,0) (1.-5) (0,0)
=25
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6l Quartic and other polynomial functions 247

8 Find the expressions which define the following cubic curves:
a y b y

(2,3)
21 2
o (1, 0.75)
T T [ T T T T > X
i) 0 é\ -2 0 2
4 (-2,-3) 4. Note: This graph

is not of the form
y=a(xfh)3 + k.

Example32] 9  For each of the following, use a CAS calculator to find the values of a, b, ¢, d in the
cubic equation y = ax® + bx> + cx + d, given that the following points lie on its graph:
a (0,270), (1,312), (2,230), (3,0) b (-2,-406), (0,26), (1,50), (2,-22)
c (-2,-32),(2,8),(3,23), (8,428) d (1,-1),(2,10), (3,45), (4,116)
e (-3,-74),(-2,-23),(-1,-2),(1,-2) f (=3,-47),(-2,-15),(1,-3), (2,-7)
\/ g (-4,25),(-3,7),(-2,1),(1,-5)

6l Quartic and other polynomial functions

% In this section we look at polynomial functions of degree 4 and greater.

Qab Quartic functions of the form f(x) = a(x — h)* + k

The graph of f(x) = (x—1)* + 3 is obtained from the graph of y = x* by a translation of 1 unit
in the positive direction of the x-axis and 3 units in the positive direction of the y-axis.

As with other graphs it has been seen Y

that changing the value of a simply A 3l
y=3x

narrows or broadens the graph without 4

y=x
changing its fundamental shape. Again,

if a < 0, the graph is inverted.

The significant feature of the graph of a _

quartic of this form is the turning point
(a point of zero gradient). The turning y=- %x
point of y = x* is at the origin (0, 0).

For the graph of a quartic function of
the form

y=a(x— h* + k
the turning point is at (A, k).

When sketching quartic graphs of the form y = a(x — h)* + k, first identify the turning point.
To add further detail to the graph, find the x-axis and y-axis intercepts.
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248 Chapter 6: Polynomials

Sketch the graph of the function y = (x — 2)* — 1.

Solution

Turning point is (2, —1). y

X-axis intercepts: y-axis intercept: 15

Lety=0 Letx=0
0=x-2)"-1 y=(0-2*-1
1=@x-2)* =16-1

+V1=x-2 =15 —r > X

x=2+1lorx=2-1 ’ 1(2,—1)3

x=3o0rx=1

The implied domain of all quartics is R, but unlike cubics the range is not R.

» Other quartic functions y

The techniques for graphing quartic functions in general are
very similar to those employed for cubic functions. A CAS
calculator is to be used in the graphing of these functions.
Great care needs to be taken in this process as it is easy to miss i) )

key points on the graph using these techniques. x

The graph of y = 2x* — 8x? is shown.

Example 34

Solve each of the following equations for x:

a x*-8x=0 b 2x*-8x2=0 c x*-2x3-24x*=0

Solution

a x*-8x=0 b 2x*-8x*=0
Factorise to obtain Factorise to obtain
x(x*=8)=0 2% (x* —4) =0
x=0o0rx’-8=0 n2x*=0o0rx*—4=0

Thus x =0 or x = 2. Thus x =0orx=2orx = -2.

c *-2x-2422=0
Factorise to obtain x*(x*> — 2x — 24) = 0
X =0o0rx* -2x-24=0
ie.x=0o0r(x—6)(x+4)=0

Thus x =0or x =6 or x = —4.
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6l Quartic and other polynomial functions 249

» Odd and even polynomials

In this subsection we look briefly at odd and even polynomial functions. Knowing that a
function is even or that it is odd is very helpful when sketching its graph.

m A function f is even if f(—x) = f(x). This means that the graph is symmetric about the
y-axis. That is, the graph appears the same after reflection in the y-axis.

m A function f is odd if f(—x) = —f(x). The graph of an odd function has rotational
symmetry with respect to the origin: the graph remains unchanged after rotation of 180°
about the origin.

A power function is a function f with rule f(x) = x” where r is a non-zero real number. In

this book we focus on the cases where r is a positive integer or r € {-2, —1, % %}

Even-degree power functions

The functions with rules f(x) = x> and
f(x) = x* are examples of even-degree
power functions.

The following are properties of all

even-degree power functions:

B f(—x) = (x) for all x

m f(0)=0 B 1

B Asx — £oo,y — oo.

Note that, if m and n are positive even integers with m > n, then:
B X">x"forx>1orx< -1

m X" <x"for-1<x<1withx#0
mxX"=x"forx=1lorx=-lorx=0.

Odd-degree power functions

The functions with rules f(x) = x* and y
f(x) = x> are examples of odd-degree A
power functions.

The following are properties of all

odd-degree power functions:

B f(—x) = —f(x) forall x -2
m f(0)=0

B Asx — 0o,y — oo and

as x — —oo,y — —00.

Note that, if m and n are positive odd integers with m > n, then:
B X">x"forx>1lor-1<x<0
m X" <x'"forx<-lorO<x<1

mX"=x"forx=1lorx=-1lorx=0.
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250 Chapter 6: Polynomials

State whether each of the following polynomials is even or odd:

a f(x) = 6x*—3x? b g(x)=3x-x>+x
c h(x) =x0-3x2+2 d m(x) =x" —4x
Solution
a f(=x) = 6(-x)* - 3(-x)’ b g(—x) =3(-%’ - (-0’ + (-x)
= 6x* —3x% =3 +x —x
= f(x) =—g(x)
The function is even. The function is odd.
€ h(-x) = (-x)° = 3(-x)* +2 d m(-x) = (-x)" - 4(-x)
=x-32+2 = —x +4x
= h(x) = —m(x)
The function is even. The function is odd.

The results of the example are not surprising since:

m The sum of two even functions is even, and any constant multiple of an even function
is even.

m The sum of two odd functions is odd, and any constant multiple of an odd function is odd.

Not every polynomial is even or odd. For example, the polynomial f(x) = x*> + x is neither.

Example 36

a On the one set of axes sketch the graphs of f(x) = x* and g(x) = 2x°.
b Solve the equation f(x) = g(x).
¢ Solve the inequality f(x) < g(x).

Solution
a b J0) = g(x)
xt =247
“-2°=0
Fx-2)=0
x=0orx=2
2

c f(x) <gk)
<253

From the graphs and part b, f(x) < g(x) for x € [0, 2].
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6l 6l Quartic and other polynomial functions 251

m The graph of y = a(x — h)* + k has the same shape as y = ax* but is translated 4 units
in the positive x-axis direction and k units in the positive y-axis direction (for 4 and k
positive constants).

m The implied domain of all quartic functions is R.

m A function f is even if f(—x) = f(x). This means that the graph is symmetric about
the y-axis.

m A function f is odd if f(—x) = —f(x). The graph of an odd function has rotational
symmetry with respect to the origin.

m A power function is a function f with rule f(x) = x” where r is a non-zero real
number.

Exercise [9|

example 33| 1  Using the method of horizontal and vertical translations, sketch the graph of each of the

following:
ay=@x+2*-1 by=@x-D*-1 cy=@x+3)%*+2
dy=x-2%+5 e y=x+2*-5

2 Sketch the graphs of the following functions:
ay=2*+3 b y=2x-3)*+2 cy=x*-16
dy=16-x* e y=3-x* fy==2x+D*+1

Example 34| 3 Solve each of the following equations for x:

a x*-27x=0 b (X-x-2)x*-2x-15=0
c x*+8x=0 d x*-6x*=0

e x*-9x*=0 f81-x*=0

g ' -16x*=0 h -7 +12x2 =0

i X -9 +20x*=0 j P2-Hx?*-9)=0

k (x-4H(*+2x+8) =0 I (x+4)(x*+2x-8)=0

4 Use a CAS calculator to help draw the graph of each of the following. Give x-axis
intercepts and coordinates of turning points. (Values of coordinates of turning points to
be given correct to two decimal places.)

a y=x*-125x b y=(?-x-20)x*-2x-24)
c y=x"+27x d y=x*—4x
e y=x*-254 fy=16-x*
g y=x'-81x h y=x*-7x+ 124
i y=x*—9x3+20x° j y=(%-16)(x* -25)
k y=x-2)(x+2x+10) I y=(x+4)(x%+2x-35)
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252 Chapter 6: Polynomials

Example 35| 5 State whether each of the following polynomials is even or odd:
a f(x) =5x%-3x? b g(x)=7x""— x> +2x
c h(x)=x*-3x*+2 d m(x)=x —4x3

Example 36| 6 a On the one set of axes sketch the graphs of f(x) = x* and g(x) = 2x°.
b Solve the equation f(x) = g(x).
¢ Solve the inequality f(x) < g(x).

7 a On the one set of axes sketch the graphs of f(x) = x* and g(x) = 9x%.
b Solve the equation f(x) = g(x).
¢ Solve the inequality f(x) < g(x).

8 a On the one set of axes sketch the graphs of f(x) = x* and g(x) = 4x.
b Solve the equation f(x) = g(x).
‘/ ¢ Solve the inequality f(x) < g(x).

6J Applications of polynomial functions

Example 37
(—) o -

A square sheet of tin measures 12 cm X 12 cm. ] :

Four equal squares of edge x cm are cut out of the
corners and the sides are turned up to form an open
rectangular box. Find:

a the values of x for which the volume is 100 cm?

b the maximum volume. ‘—l | ¢ ¥

Solution

The figure shows how it is possible to form many t X
open rectangular boxes with dimensions 12 — 2x,

12 — 2x and x. (12 - 2x)
The volume of the box is <— (12 - 2x) —>

V=x(12-2x)?% 0<x<6
which is a cubic model.

We complete the solution using a CAS calculator as follows.
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6J Applications of polynomial functions 253

Using the TI-Nspire

Plot the graph of V = x(12 — 2x).

a To find the values of x for which V = 100, plot the graph of V = 100 on the same
screen and find the intersection points using > Geometry > Points & Lines >
Intersection Point(s).

b To find the maximum volume, use > Trace > Graph Trace or > Analyze
Graph > Maximum.

Using the Casio ClassPad
Plot the graph of V = x(12 — 2x)*.

a To find the values of x for which V = 100: W1=x-(12=2kx) ~2
m Plot the graph of V = 100 on the same screen. y2—1_(|]1[/ -g\

m To adjust your window screen use @ Set
Xmin = 0 and xp,.x = 6. Then go to Zoom Auto.

This will automatically adjust the window to
the given domain. The grid appears when the

scale is adjusted to 20 units.

m Select the graph window and go to
Analysis > G-Solve > Intersection.

Rad  Real T m

m Press the right arrow on the hard keyboard to
find the other point of intersection.

Wl=xe(12=

b The maximum volume of the box may be found
using Analysis > G-Solve > Max. (You must first

remove the tick for y2 and redraw the graph.)

Rad  Real m
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Example 38

It is found that 250 metres of the path of a

stream can be modelled by a cubic function.

The cubic passes through the points (0, 0),

(100, 22), (150, —10), (200, —20).

a Find the equation of the cubic function.

b Find the maximum deviation of the graph
from the x-axis for x € [0, 250].

Using the TI-Nspire

= Define f(x) = ax® + bx* + cx.

m Solve using the Solve System of Equations
command. Enter using the following
function notation:

f(100) = 22,
f(200) = =20

£(150) = —10,

Proceed as shown in the first screen.

m Store these values as a, b and c respectively.

m Use fMax() from > Calculus >
Function Maximum to find where f obtains
its maximum value.

m Use fMin() from > Calculus >
Function Minimum to find where f obtains
its minimum value.

The maximum deviation is 38.21 metres.

Using the Casio ClassPad

= Define f(x) = ax® + bx> + cx +d.

MM182

Deﬁne)‘(x)-a-x3+b'x2+c'x Done
100)=22
solve|{A150)=-10 {a,b.c }
200)=-20
19 -23 233
a and & and ¢
375000 1250 150

MM182

=

(rMax(Ax).x,0,250))» Decimal
x=54 46103026

(eMin(x) x,0,250))» Decimal
x=187.6442329

A54.46103026) 18.20593237

m Enter the four equations shown as
simultaneous equations with variables
setasa,b,c,d.

£(0)=0
£(100)=22
£(150)=-10
£(2000=-20|a, 5, ¢, d

0

/(187 6442329) -21 64083542
& Edit Action Interactive
" | & [iaka sime [ 2] + |-
. =
done "=

b=—g 28, =288 a=g]

{FL =
375000° " 1250 150"

Alg
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6J 6J Applications of polynomial functions 255

m Store the values found for a, b, ¢, d as shown below. (Edit > Copy and Edit > Paste are
useful here. The symbol = is found in (Math1].)

= The maximum value can be found in the main screen. Type f(x), highlight it and go to
Interactive > Calculation > fMin/fMax.

m Alternatively, find the maximum value in . Enter and graph y1 = f(x) and
then use Analysis > G-Solve > Max.

jon i ; & Edit Action Interactive % Edit Zoom Analysis 3]
[ o] Tronsoretion NN EEREBREE S
anced 3 o — " = —— — . == = =
' daift C o HeeuT IO et [oheet2 Sheets [oheetafsheets]
Compley impDiff 37500077 B y1=tx) —i
List |f 19 Cy2:0 .
Matrix | lim 375000 [ys:0
Vector |3 a3 25 Cya:0
Equatio T 1250 [y5:0
Assistal rangeAppoint __23 [ys:0
Distriby mod | 1250 Cly2:0 B
: ——|Finenci line vooo|288,0 - =
Matht | o [tMin L
[ Mathe 7 fMan ged/lem 4| %
f | fraction v
LMet8 T (oo Tr Od
Trig 0
m— plnlulwl x
[ var | |[IMax(f(x),x, 0, 200)
(e LY L7 I | {MaxVa]ue=38.20593237.x=5|£n
| ,Id—[%[%[anshxz i
Alg Decimal Real Rad L] Rad  Real @

6)

example 37, 1 A square sheet of cardboard has edges of length 20 cm. J
Four equal squares of edge length x cm are cut out of
the corners and the sides are turned up to form an open 20 ¢
rectangular box.

a Find the length of each edge of the base of the box
in terms of x.

b Find the volume, V ¢cm?, of the box in terms of x.
¢ Find the volume of the box when x = 5.

d Find the values of x for which the volume is 500 cm?>.

2 A rectangular sheet of metal measuring 10 cm X 12 cm T ., |
is to be used to construct an open rectangular tray. The %
tray will be constructed by cutting out four equal squares 0 cm [
from each corner of the sheet as shown in the diagram. l *7 x
a If the edge of each cut-out square is x cm, express ¢ < 12 cm—>

and w in terms of x.
b Write down a rule for the volume, V ¢cm?, of the open tray in terms of x.
¢ Use a CAS calculator to help draw the graph of V against x for suitable values of x.
d Find the value of V when x = 1.
e Find the values of x for which V = 50.
f Find the maximum volume of the box and the value of x for which this occurs.
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256 Chapter 6: Polynomials 6J

3 The outside surface area of an open box is 75 cm?. The base is a square with each edge
x cm. Let 7 cm be the height of the box.
a Find the surface area of the box in terms of x and 4.
b Hence, find % in terms of x.
¢ Find V in terms of x if V cm? is the volume of the box.
d Find V when:
i x=2 ii x=5 iii x=38
e Given that V = 59 when x = 4, find the other value of x for which V = 59.

4 In an upright triangular prism, the triangular base has sides of length 5x cm, 12x cm and
13x cm. The height of the prism is 4 cm. The sum of the lengths of all of its edges is
180 cm.
a Find & in terms of x.
b Find V in terms of x where V cm? is the volume of the prism.
¢ Find V when x = 3.
d Find the values of x for which V = 1200.

5 The diagram shows a conical heap of gravel. The slant height of the heap is 8 m, the
radius of the base x m, and the height /2 m.
a Express x in terms of /.
b Construct a function which expresses V, the volume
of the heap in m3, in terms of A.
¢ Use a CAS calculator to help draw the graph of V

against h.
d State the domain for the function.
e Find the value of V when h = 4.
f Find the values of /& for which V = 150.
g Find the maximum volume of the cone and the

corresponding value of 4.

6 The figure shows a rectangular prism with a square cross-section.

a If the sum of the dimensions, length plus width plus height,

is 160 cm, express the height, A, in terms of x.

h

b Write down an expression for the volume, V cm?, of the
prism in terms of x. l
g4

State the domain. X

Use a CAS calculator to help draw the graph of V against x.
Find the value(s) of x for which V = 50 000.

Find the maximum volume of the prism.

- O QN
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6K The bisection method 257

6K The bisection method

Spreadsheet » The bisection method is a method for finding approximate solutions of equations. Here we
restrict our attention to equations involving polynomial functions.

With higher degree polynomials, the problem of finding exact solutions is more demanding,
and it can be shown that beyond degree 4 there is no nice general formula to find all the
solutions of a polynomial equation.

For the cubic function f(x) = x* + 3x + 6, y
the equation f(x) = 0 has only one real A
solution. The exact solution is

— -1 1/3 6
X = (_3+\/E)1/3 +(_3+\/E) / y:x3+3x+6
Finding this by hand is beyond the ' ' ) ' ' ' >

. ) -3 2 /-1 1 2 3
requirements of this course, but we can find

a numerical approximation to this solution

using the bisection method.
We note that f(—2) < 0 and f(—1) > 0. This observation is central to using the bisection
method.

In general, consider an equation f(x) = O that has one solution o in the interval [ay, b].

m The sign of f(a,) is the opposite of the sign of f(b), because f(ca) = 0 and so the
function must change from being positive to being negative or vice versa.

*th and f(cy).

m Choose the interval [a;, c1] if f(a;) X f(c;) < 0, and the interval [c;, b;] otherwise.

a
m Calculate ¢; = L

m The process is then repeated with the new interval, and then repeatedly until the
required accuracy is reached.

» Using a spreadsheet with the bisection method

We now return to the function f(x) = x* + 3x + 6 and finding the solution of the equation
X +3x+6=0.

Step 1 We start with the interval [-2, —1], since we know the solution lies in this interval.

f(=2)=-8<0and f(-1)=2>0.

-2+ (-1
Lete, = =D _ 5.
Since f(—1.5) = —1.875 < 0, we now know the solution is between —1.5 and —1.

Step 2 Choose —1.5 as the new left endpoint. Therefore the second interval is [-1.5, —1].

1.5+ (-1)
Now ¢, = — = —1.25and f(-1.25) = 0.296875 > 0.
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258 Chapter 6: Polynomials

Step 3 Choose —1.25 as the new right endpoint. Thus the third interval is [-1.5, —1.25].

-1.5+(-1.25)

Now ¢3 = >

Step 4 Choose —1.375 as the new left endpoint. Thus the fourth interval is [-1.375, —1.25].

At this point we know that the solution is in the interval [-1.375, —1.25].

= —1.375 and f(-1.375) =

—-0.724609 < 0.

We continue with the spreadsheet as shown. This spreadsheet can be modified for other

functions.
Left endpoint Right endpoint Midpoint c¢; f(c)
Step 1 -2 -1 -1.5 —-1.87500000
Step 2 -1.5 -1 -1.25 0.29687500
Step 3 -1.5 -1.25 -1.375 —0.72460938
Step 4 -1.375 -1.25 -1.3125 —0.19848633
Step 5 -1.3125 -1.25 —-1.28125 0.05294800
Step 6 -1.3125 —-1.28125 —-1.296875 —-0.07181931
Step 7 —-1.296875 —-1.28125 —-1.2890625 —-0.00919962
Step 8 —1.2890625 —-1.28125 —1.28515625 0.02193302
Step 9 —1.2890625 —1.28515625 —1.28710938 0.00638143
Step 10 —1.2890625 —1.28710938 —1.28808594 —-0.00140541
Step 11 —1.28808594 —1.28710938 —-1.28759766 0.00248893

We conclude that the solution is —1.29 correct to two decimal places.

Whatever equation we are working with, if the starting interval is 1 unit, then the ‘error’ is at

most % after the next step and at most (%)n_1 after n steps.

T e

1 Find approximate solutions for each of the following. The initial interval is given and

the desired accuracy is stated.
ax-x-1=0 [1,2]
X +x-3=0 [1,3]
¥ -5x+42=0 [1,2]
B-2x2+2x-5=0 [2,3]
2x* =3x2+2x-6=0 [-2,-1]

oD QO n T
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Chapter summary

m The sum, difference and product of two polynomials is a polynomial.

m Division of one polynomial by another does not always result in a polynomial.

Ok

m Remainder theorem When P(x) is divided by x — a, the remainder is equal to P(a).
e.g. When P(x) = x> + 3x> + 2x + 1 is divided by x — 2, the remainder is

PQ)=2P+32)°+22)+1=25
m Factor theorem For a polynomial P(x), if P(a) = 0, then x — a is a factor. Conversely, if
x — a is a factor of P(x), then P(a) = 0.
e.g. For P(x) = x> —4x*> + x + 6,
P(-1)= (-1 =41+ (-1)+6=0
and so x + 1 is a factor of P(x).

m Sums and differences of cubes:

¥ -a= (x— a)(x2 +ax + az)

eg. X -27=(x-3)x*+3x+9)

Y©4ad = (x+ a)(x2 —ax+ az)

eg.  8x°+64=02x)7>+4°
= 2x + 4)(4x* — 8x + 16)

m Rational-root theorem Let P(x) = a,x" + a,_1x"~' + --- + a;x + ap be a polynomial of
degree n with all the coefficients ; integers. Let o and 3 be integers such that the highest
common factor of o and 8 is 1 (i.e. o and { are relatively prime). If Bx + a is a factor of
P(x), then { divides a, and a divides ay.

m The following are the steps in the process of solving cubic equations:

i Determine factors by using the factor theorem and dividing.

ii  Use the null factor theorem to determine solutions.
e.g. Solve x* —4x*> — 11x +30 = 0.
Since P(2) = 8 — 16 — 22 + 30 = 0, we know that x — 2 is a factor.
Dividing x — 2 into x> — 4x> — 11x + 30 gives
=4 —11x+30 = (x = 2)(x* - 2x — 15)
=(x-2)(x=-5(x+3)
x=2)(x=5x+3)=0
x=2,50r-3
m The basic shape of the curve defined by y = x> is shown in
the graph.
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260 Chapter 6: Polynomials

m The implied domain of all polynomial functions is R.

m The functions f(x) = x> and f~!(x) = x% are inverse functions of each other.

m The graph of y = a(x — h)* + k has the same shape as y = ax’ but is translated / units in
the positive x-axis direction and & units in the positive y-axis direction (where & and k are
positive constants).

m The basic shape of the curve defined by y = x* is shown in y

the graph. A

0

m The graph of y = a(x — h)* + k has the same shape as y = ax* but is translated / units in
the positive x-axis direction and & units in the positive y-axis direction (where /4 and k are
positive constants). The turning point is at (4, k).

m Sign diagrams assist in sketching graphs of cubic functions.
eg y=x +2x>-5x-6
=(x+Dx=-2)(x+3)

When x < -3, y is negative. L o
When -3 < x < —1, y is positive. - I 0 I 2'
When —1 < x < 2, y is negative. = 2 -l
When x > 2, y is positive.
m To sketch the graph of a cubic function y = ax® + bx> + cx + d, the steps are:
i Use the factor theorem and division to determine the x-axis intercepts.
ii The y-axis intercept is d.
iii Draw a sign diagram.
m Finding equations for given cubic graphs. The following may assist:
i y i y
A A
/ k
> X > X
/b o ¢ h o\
Form: y = a(x — b)(x — ¢)? Form: y = a(x — h)* + k
Assume b and ¢ are known, substitute Substitute known values to determine a.

another known point to calculate a.

Alternatively, use the general form y = ax® + bx?> + cx + d and the known points to
' determine a, b, ¢ and d.
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m A function f is even if f(—x) = f(x). This means that the graph is symmetric about

the y-axis.
m A function f is odd if f(—x) = —f(x). The graph of an odd function has rotational
symmetry with respect to the origin.

= A power function is a function f with rule f(x) = x” where r is a non-zero real number.

Technology-free questions

1 Sketch the graph of each of the following:
ay=@(x-13%-2 by=Qx-1P»+1 cy=3x-17-1
dy=-3x° e y=-3x+1 fy=-3x-2>+1
g y=4(x+27>-3 h y=1-3x+2)}

2 Sketch the graph of each of the following:
ay=@x-1* by=Qx-D*+1 cy=(@x-D*-1
d y=-2x e y=-3x*+1 fy=-(x-2%"+1
g y=2x+1)*-3 h y=1-2(x+2)*

3 Solve each of the following equations for x:
a2 +3x2%2=11x+6 b X*5-2x)=4 c P +4x+12=7x

4 a Use the factor theorem to show that 2x—3 and x +2 are factors of 6x> +5x%—17x—6.

Find the other factor.
b Solve the equation 2x* —3x?> = 11x+ 6 = 0.
¢ Solve the equation x* + x> — 11x -3 = 8.
d i Show that 3x — 1 is a factor of 3x> + 2x% — 19x + 6.
ii Find the factors of 3x° + 2x% — 19x + 6.
5 Let f(x)=x>—kx*+2kx—k—1.
a Show that f(x) is divisible by x — 1.
b Factorise f(x).

6 Find the values of a and b for which x* + ax?> — 10x + b is divisible by x> + x — 12.

7 Draw a sign diagram for each of the following and hence sketch the graph:
ay=x+2)B-x)(x+4) b y=x-2)x+3)(x-4)
cy=6+13x>-4 dy=x>+x>-24x+36

8 Without actually dividing, find the remainder when the first polynomial is divided by
the second:

a X +4xr-5x+1, x+6 b 2x*-3x2+2x+4, x-2
c 3x3+2x+4, 3x—1 ‘
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262 Chapter 6: Polynomials

9 Find the rule of the cubic for which the graph is y

shown.
> X
) 1 s\
0,-4)

10 Find a cubic function whose graph touches the x-axis at x = —4, passes through the
origin and has a value of 10 when x = 5.

11 Let f(x) = 2x> + ax> — bx + 3. When f(x) is divided by x — 2 the remainder is 15 and
J)=0.

a Calculate the values of a and b. b Find the other two factors of f(x).

12 Solve each of the following inequalities for x:
a (x-3)%(x+4)<0 b —-(x+3)x+4)(x-2)>0
c -4 +x<-6

13 For each of the following, find a sequence of transformations that takes the graph of
y = x° to the graph of:
\/ ay=2(x-12%+3 by=-x+17>+2 cy=Qx+1)Y%-2

Multiple-choice questions

1 If P(x) = X’ + 3x* + x — 3, then P(=2) equals
Al B -1 Cc -25 D 3 E -5
2 Ifa>b>cand P(x) = (x —a)*(x — b)(x — ¢), then P(x) < 0 for x €
A (-,a) B (-c0,b) C (-,0) D (¢.b) E (b,a)
3 The image of the graph of y = x* under a dilation of factor 2 from the y-axis followed

by a reflection in the y-axis and then a translation of 4 units in the negative direction of
the y-axis is

)C3 x3
Ay=-——4 By=-=—-4 =-8x3-4
y A y > C y=-8
)C3 x3
Dy=-—+4 Ey="+4
y >+ y=gt

4 The equation x* + 5x — 10 = 0 has only one solution. This solution lies between
A 2and-1 B -landO C Oand1 D land2 E 2and8

5 Let P(x) = x* + ax® — 4. If P(V2) = 0 and P(—V2) = 0, the value of a is
y A 0 B 2 c -2 D -3 E 3
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Let P(x) = x*> + ax*> + bx — 9. If P(1) = 0 and P(-3) = 0, the values of a and b are
Aa=1 b=-3 Ba=-1,b=3 Ca=5 b=3
D a=-5 b=-3 E a=0,b6=0

If ax® + 2x? + 5 is exactly divisible by x + 1, the value of a is

Al B 7 C -1 D 3 E -7

When the polynomial P(x) = x* + 2x> — 5x + d is divided by x — 2, the remainder is 10.
The value of d is

A 10 B 4 Cc -10 D -4 E 3

The diagram shows part of the graph of a Y
polynomial function.

A possible equation for the rule of the function is
A y=(x-by(x-a) B y=(x-a)(x-b)
D y=(x-b)*a-x) E y=(x+b)la-x)

Cy=-(x+bl’(x-a)

The graph of y = f(x) is shown on the right. y
Which one of the following could be the graph of A
=1- ?
y J(x) 5
A y B y
A A , , > X
-2 0 2
2 A 2 4
2
: —> X —>X
-2 0 2 2
D -
C y E y
A A
21 7
—X . —> X . — X
5 0 _/ 2 2 0 2 2 2
7/- 2 b

ISBN 978-1-107-52013-4 © Evans et al. 2016 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.
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Extended-response questions

1 The volume of a cylinder is given by V = str?h. It is given that & + r = 6.
a Write V(r) in terms of r.

b State the values that r can have.

¢ Find V(3).
d Find the values of r for which V(r) = 27m.
Q e Use your CAS calculator to find the maximum possible volume of the cylinder.

2 There is a proposal to provide a quicker, more efficient and more environmentally
friendly system of inner-city public transport by using electric taxis. The proposal
necessitates the installation of power sources at various locations as the taxis can only
be driven for a limited time before requiring recharging.

The graph shows the speed v m/s that the taxi will v
maintain if it is driven at constant speed in sucha  (m/5)
way that it uses all its energy up in ¢ seconds. 25
The curve is a section of a parabola which

touches the r-axis at t = 900. When r = 0, v = 25.

a Construct a rule for v in terms of ¢.

-

900 ¢ (seconds)

b If s metres is the distance that a taxi can travel
before running out of electrical energy, write
down a rule connecting s and 1.

Q ¢ Use a CAS calculator to help draw the graph of s against 7.
d Originally the power sources were to be located at 2 km intervals.
However there is a further proposal to place them at 3.5 km intervals.
Is this new distance feasible?
e With the power sources at 2 km intervals, use your graph to determine approxi-
mately both the maximum and minimum speeds recommended for drivers. Explain
your answer.

3 The figure shows part of a cubic graph that represents the relationship between the
engine speed, R rpm, and the throttle setting, x mm from the closed position, for a new
engine.

It can be seen from the graph that R A

the engine has a ‘flat spot” where (rpm X 1000) permitted
an increase in x has very little 0] maximum
effect on R. pm
tick over

a Develop a cubic expression

L

5 Throttle setting (mm) x

for R in terms of x of the form 0
R=a(x-h)+k.

y
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b Find a if when the graph is extended it passes through the origin.

¢ In a proposed modification to the design, the ‘flat spot” will occur when x = 7 mm.
The speed of the engine in this case will be 12 000 rpm when x = 7 mm.
Assuming that a cubic model still applies and that R = 0 when x = 0, write down an
expression for R as a function of x.

4 A net for making a cardboard box with overlapping flaps is shown in the figure. The
dotted lines represent cuts and the solid lines represent lines along which the cardboard

is folded.
w T T T
3 ¢ Top i Top | Top ' Top
h Left Back Right Front

SRS
<>

Bottom | Bottom ; Bottom  Bottom

a If ¢ =35cm, w=20cm and & = 23 cm, calculate the area of the net.

b If the area of the net is to remain constant at the value calculated in part a and £ = &,

3 as a function of €.

write down an expression for V, the volume of the box in cm
(The maximum volume of the box will occur when £ = h).
Q ¢ Use a CAS calculator to help draw the graph of V against £.
d Find the value of £ when the volume of the box is:
i 14000 cm? i 10 litres = 10 000 cm?

e Find the maximum volume of the box and the value of ¢ for which this occurs.

5 Itis found that the shape of a branch of a eucalyptus tree can be modelled by a cubic
function. The coordinates of several points on the branch are (0, 15.8), (10, 14.5),
(15,15.6), (20, 15).

Q a The rule for the function is of the y
form y = ax® + bx> + cx + d. Find the A
values of a, b, ¢ and d.
b Find the coordinates of the point on
the branch that is: \/\
i closest to the ground

ii furthest from the ground.
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266 Chapter 6: Polynomials

6 A reinforced box is made by cutting congruent squares of side length x cm from the
four corners of a rectangular piece of cardboard that measures 48 cm by 96 cm. The
flaps are folded up.

48 cm

<« % cm

\

a Find an expression for V, the volume of the box formed.
Q b Plot a graph of V against x on your CAS calculator.
i What is the domain of the function V?
ii Using your CAS calculator, find the maximum volume of the box and the value
of x for which this occurs (approximate values required).
¢ Find the volume of the box when x = 10.
d Ttis decided that 0 < x < 5. Find the maximum volume possible.
‘/ e If5 < x <15, what is the minimum volume of the box?

y
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