NUMBER AND ALGEBRA

TOPIC 2

Algebra and
equations

2.1 Overview
Why learn this?

Do you speak mathematics? Algebra is the language of
mathematics; it holds the key to understanding the rules,
formulas and relationships that summarise much of our
understanding of the universe. Every student of mathematics
needs a mathematical tool chest, a set of algebraic skills to
manipulate and process mathematical information.

What do you know? assess@

THINK List what you know about linear equations. Use a
thinking tool such as a concept map to show your list.

PAIR Share what you know with a partner and then with a

small group.

SHARE As a class, create a thinking tool such as a large concept
map that shows your class’s knowledge of linear equations.

Learning sequence

2.1 Overview

2.2 Substitution

2.3 Adding and subtracting algebraic fractions
2.4 Multiplying and dividing algebraic fractions
2.5 Solving simple equations

2.6 Solving multi-step equations

2.7 Literal equations

2.8 Review (%
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NUMBER AND ALGEBRA

2.2 Substitution

When the numerical values of pronumerals are known, they can be substituted into an
algebraic expression and the expression can then be evaluated. It can be useful to place any
substituted values in brackets when evaluating an expression.

WORKED EXAMPLE 1

Ifa =4,b =2 and ¢ = —7, evaluate the following expressions.
aa—b ba*+9 —c
THINK WRITE
a 1  Write the expression. aa->
2 Substitute @ = 4 and b = 2 into the =4-2
expression.
3 Simplify. =2
b 1 Write the expression. b 34+9p—¢
2 Substitutea =4, b =2 and ¢ = -7 into =43 +92) - (-7
the expression.
3 Simplify. =64+ 18+7
=89

WORKED EXAMPLE 2 TI ] CASIO ]

If c = Va? + b? calculate c ifa = 12 and b = —5.

THINK

WRITE

c=Va*+ b

1 Write the expression.

2 Substitute @ = 12 and b = =5 into the =V(12)2 + (=5)?
expression.
S Simplify. = V144 + 25
= V169
=13

Number laws

* Recall from previous studies that when dealing with numbers and pronumerals,
particular rules must be obeyed. Before progressing further, let us briefly review the
Commutative, Associative, Identity and Inverse Laws.

* Consider any three pronumerals x, y and z, where x, y and z are elements of the set of
Real numbers.
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Commutative Law

lLx+y=y+x (example: 3 +2=5and2 + 3 =5)
2. x—y#Fy—x (example:3 —2=1but2 —3=-1)
3.xXy=yXx (example: 3 X2 =6and2 X 3 = 6)
4. x+y#y+x (example: 3 +2 =2, but2+3 =3

Therefore, the Commutative LLaw holds true for addition and multiplication, since the
order in which two numbers or pronumerals are added or multiplied does not affect the
result. However, the Commutative Law does not hold true for subtraction or division.

Associative Law

Lx+0+2=x+y +z [example: 2 + B3 +4) =2+ 7 =9 and
2+3)+4=5+4=09]

2.x-0-—29F&x—-y) -z [example: 2 — (3 —4) =2 — —1 =3 and
2-3)—-4=-1-4=-5]

3.xX(yXz)=xXy Xz [example: 2 X (3 X 4) =2 X 12 =24 and
2%x3)x4=6x4=24]
4 x+(yr)#E @ty 2 [example: 2+ (3+4) =2+2=2x%=3 but
. g =292 1_2_1
2=+3)+4= '4_3X4_12_6]

The Associative Law holds true for addition and multiplication since grouping two or
more numbers or pronumerals and calculating them in a different order does not affect the
result. However, the Associative Law does not hold true for subtraction or division.

Identity Law

The Identity Law states that in general: x+0=04+x=x

xX1l=1xx=x
In both of the examples above, x has not been changed (that is, it has kept its identity)
when zero is added to it or it is multiplied by 1.

Inverse Law
The Inverse Law states that in general: x+—=x=—x4+x=0
x X % = )1—C Xx=1
That is, when the additive inverse of a number or pronumeral is added to itself, it equals 0.

When the multiplicative inverse of a number or pronumeral is multiplied by itself, it
equals 1.

Closure Law

A law that you may not yet have encountered is the Closure Law. The Closure Law

states that, when an operation is performed on an element (or elements) of a set, the result
produced must also be an element of that set. For example, addition is closed on natural
numbers (that is, positive integers: 1, 2, 3, ...) since adding a pair of natural numbers
produces a natural number. Subtraction is not closed on natural numbers. For example, 5 and
7 are natural numbers and the result of adding them is 12, a natural number. However, the
result of subtracting 7 from 5 is —2, which is not a natural number.
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WORKED EXAMPLE 3

Find the value of the following expressions, given the integer values x = 4 and

y = —12. Comment on whether the Closure Law for integers holds for each of the
expressions when these values are substituted.

ax+y b x—y c XXy d x=+y

THINK WRITE

a 1 Substitute each pronumeral into a x+y =4+ —12
the expression.

2 Evaluate and write the answer. = -8
3 Determine whether the Closure The Closure Law holds for these
Law holds; that is, is the result substituted values.

an integer?
b Repeat steps 1-3 of part a. b x—-—y=4--12
=16

The Closure Law holds for these
substituted values.

¢ Repeat steps 1-3 of part a. c xXy =4x-12
= —48

The Closure Law holds for these
substituted values.
d Repeat steps 1-3 of part a. d x+y= 44+ —-12

=5
1

The Closure Law does not hold for
these substituted values since the
answer obtained is a fraction, not an
integer.

* Itis important to note that, although a particular set of numbers may be closed under a
given operation, for example multiplication, another set of numbers may not be closed
under that same operation. For example, in part ¢ of Worked example 3, integers were
closed under multiplication. However, in some cases, the set of irrational numbers is not
closed under multiplication, since V3 x V3 =V9 = 3.Inthis example, two irrational
numbers produced a rational number under multiplication.

355955@ Exercise 2.2 Substitution

INDIVIDUAL PATHWAYS

REFLECTION B PRACTISE B CONSOLIDATE B MASTER

Why is understanding of the Questions: Questions: Questions:

Commutative Law useful? 1a—f, 2a—f, 3c—d, 4a—c, 5a-c, 1c-i, 2a-f, 3c—d, 4, 5a-c, 6d—j,  1e-l, 2c—i, 3, 4, 5, 6d—j, 9-15
6a—e, 7, 8, 10, 14 9,10, 14

)
Il W M Individual pathway interactivity int-4566
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FLUENCY
1 flEZ8 If a = 2, b = 3 and ¢ = 5, evaluate the following expressions. @
— — — Digital docs
aa+b b c—b>b cc—a-b>b SKISHEET
d c—(a—-Db) e Ta+8b — 1lc f C—l+é+£ I;tite;Tzs
2 35 SKINISHEET
g abc h ab(c — b) i@+ b — P e e e
SKIllSHEET
i 2+a k —axXbXx—c I 23a-32b Finlding the highest
2 If d = —6 and k = -5, evaluate the following. Z‘L"lmsoﬂ ;a;“"
ad+k b d-k c k—d SKIllSHEET
Order of operations
d kd e —dk+1) £ 42  doc-5189
g K h k=1 i 3k = 5d
d
3 Ifx= % and y = i, evaluate the following.
ax+y b y—x c Xy
d x e x2y3 f 9_x
y y2
4 If x = 3, find the value of the following.
a x? b —x2 c (—x)?
d 2x? e —2x? f(=2x)2
5 If x = -3, find the value of the following.
a x? b —x? c (—x)?
d 2x? e —2x? f (=2x)2

6 W2 Calculate the unknown variable in the following real-life mathematical
formulas.

a
b
c

i

If c = Va? + b?, calculate cif a = 8 and b = 15.

IfA = %bh, determine the value of Aifb =12 and h = 5.

The perimeter, P, of a rectangle is given by P = 2L + 2W. Calculate the perimeter, P,
of a rectangle, given L = 1.6 and W = 2.4.

If7T = %, determine the value of T if C =204 and L = 5.1.

n+1

IfK = T determine the value of K if n = 5.

Given F = 95—C + 32, caleulate F if C = 20.

Ifv=u+ at,evaluate vifu = 16,a = 5,¢t = 6.
The area, A, of a circle is given by the formula A = zr2. Calculate the area of a circle,
correct to 1 decimal place, if r = 6.

IfE = %mvz, calculate m if E = 40, v = 4.

Given r = \/% evaluate A to 1 decimal place if r = 14.1.

7 |12 a If p = —5and g = 4, then pq is equal to:

A 20 B 1 c -1 D -20 E =
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b If 2 =a?+ b* anda = 6 and b = 8, then c is equal to:

A 28 B 100 c 10 D 14 E 44
¢ Given h = 6 and k = 7, then kh? is equal to:
A 294 B 252 c 1764 D 5776 E 85

UNDERSTANDING

8 Knowing the length of two sides of a right-angled triangle, the third side can be
calculated using Pythagoras’ theorem. If the two shorter sides have lengths of 1.5 cm
and 3.6 cm, calculate the length of the hypotenuse.

9 The volume of a sphere can be calculated using the formula
‘31m3 . What is the volume of a sphere with a radius of 2.5 cm?
Give your answer correct to 2 decimal places.

10 A rectangular park is 200 m by 300 m. If Blake runs along the
diagonal of the park, how far will he run? Give your answer to
the nearest metre.

REASONING

11 [IE) Determine the value of the following expressions, given the integer values x = 1,
y = —2and z = —1. Comment on whether the Closure Law for integers holds true for
each of the expressions when these values are substituted.
ax+y b y—-z c yXz d x+z e z—Xx f x+y

12 Find the value of the following expressions, given the natural number values x = 8§,

y = 2 and z = 6. Comment on whether the Closure Law for natural numbers holds true
for each of the expressions.
ax+y b y-z c yXz d x+z e 7—Xx f x+y

13 For each of the following, complete the relationship to illustrate the stated law. Justify

your reasoning.

a (a+2b)+4c= Associative Law
b (x X3y) X 5c= Associative Law

c 2p+q# Commutative Law
d 5d+qg= Commutative Law
e 3z+0= Identity Law

f 2x X = Inverse Law

g (4x +3y) +5z+# Associative Law

h 3d — 4y # Commutative Law

PROBLEM SOLVING
14 5 = ut + saf’
where 7 is the time in seconds, s is the displacement in metres,
u is the initial velocity and a is the acceleration due to gravity.
a Calculate s when u = 16.5 m/s, t = 2.5 seconds and
a=9.8 m/s’.
b A body has an initial velocity of 14.7 m/s and after
t seconds has a displacement of 137.2 metres. Find the value of ¢ if a = 9.8 m/s?.

15 Findthevalueofmifnzpﬂl+%,whenn=6andp=4.
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CHALLENGE 2.1

The lowest common multiple of four terms is 24a%bc?d. Three of the terms are
12a°bc, 8ab and 4a’cd. The fourth term contains only two pronumerals, and its
coefficient is an odd prime number. What is the fourth term?

2.3 Adding and subtracting algebraic fractions

* In an algebraic fraction, the denominator, the numerator or both are algebraic

. x 3x+1 1
expressions. For example, =
X2 +5

and are all algebraic fractions.

2’2x -5

* As with all fractions, algebraic fractions must have a common denominator if they are
to be added or subtracted, so an important step is to find the lowest common
denominator (LCD).

WORKED EXAMPLE 4 JRI ] CASIO ]

Simplify the following expressions.

2x x x+1 x+4
el gl b +
372 6 " 4
THINK WRITE
a 1 Write the expression. a2x x
3 2
2 Rewrite each fraction as an equivalent _2x % 2 x % 3
fraction using the LCD of 3 and 2, which 372 273
is 6. 4x  3x
6 6
3 Express as a single fraction. _ & g 3x
4 Simplify the numerator. = %
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b 1 Write the expression.

is 12.

2 Rewrite each fraction as an equivalent
fraction using the LCD of 6 and 4, which

3 Express as a single fraction.

4 Simplify the numerator by expanding
brackets and collecting like terms.

b 1 4
X+ +x+

6 4

_x+1 2 x+4X§
6 2 4 3
_2(x+1)+3(x+4)
12 12

_2x+ 1) + 3(x+4)
B 12

2+ 243x+ 12

12
_ S5x + 14

12

Pronumerals in the denominator
* If pronumerals appear in the denominator, the process involved in adding and subtracting

the fractions is to find a lowest common denominator as usual.
* When there is an algebraic expression in the denominator of each fraction, we can

obtain a common denominator by writing the product of the denominators. For example,
if x + 3 and 2x — 5 are in the denominator of each fraction, then a common denominator
of the two fractions will be (x + 3)(2x — 5).

WORKED EXAMPLE 5

. o 2 1
Simplify =— — —.
! p1y3x 4x

THINK

1 Write the expression.

3 Express as a single fraction.

4 Simplify the numerator.

2 Rewrite each fraction as an equivalent fraction
using the LCD of 3x and 4x, which is 12x.
Note: 12x? is not the lowest LCD.

WRITE

X
W W
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WORKED EXAMPLE 6

the LCD of x + 3 and
x + 2, which is the product
x+3)x+2).

3 Express as a single fraction.

4 Simplify the numerator by
expanding brackets and
collecting like terms.

Note: The denominator is
generally kept in factorised
form. That is, it is not
expanded.

Simplify x+1 + -1 by writing it first as a single fraction.
x+3 x+2
THINK WRITE
1 Write the expression. x+1 2x — 1
x+3 x+2
2 Rewrite each fraction as an _x+DH)  x+2) 2x-1)  (x+3)
equivalent fraction using T x+3) T 42 r+2) T (x+3)

_xx+ DHx+2)
T+ 3 +2)

2x = 1)(x+3)
x+3)(x+2)

(D@ +2) + 2x— D(x+3)
- (x+3)(x + 2)

(P H+2x+x4+2) 4+ (27 + 6x —x —3)
B (x+3)(x+2)
_(x2+3x+2+2x2+5x—3)

B x+3)(x+2)

_ 3> +8x -1

T+ 3 +2)

7T om0

Simplify ~ +2, x-1 by writing it first as a single fraction.
x—3 (x-23)7?
THINK WRITE
1 Write the expression. x+2 x—1
x—3 (x —3)2
2 Rewrite each fraction as an _x+2 x-3 x—1
equivalent fraction using T x=3"x=3 (x — 3)2
the LCD of x — 3 and _(x+2)(x=3) x—1
(X - 3)2, which is - (x _ 3)2 (x _ 3)2
(x — 3)2 X -x—-6, x-—
x=3?  (x-3)?
3 Express as a single X—x—6+x—-1
fraction. - (x — 3)2
4 Simplify the numerator. _oxr =17
(x = 3)?
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REFLECTION
Why can’t we just add

Exercise 2.3 Adding and subtracting

algebraic fractions

INDIVIDUAL PATHWAYS

H CONSOLIDATE
Questions:

H PRACTISE
Questions:

the numerators and the
denominators of fractions; for
example,

E s E = a+ C,)
b d b+d
FLUENCY
—— 1 Simplify each of the following.
4 2 1 5
Digital d a -+ = b - + =
? SHISHEE] 7 3 8 9
Addition and subtraction 4 3 3 2
of fractions d - — — e — — =
doc-5186 9 11 7 5
SKillSHEET
Writing equivalent g S—x — i h § — 2_x
algebraic fractions with 9 27 8 5
the lowest common
denominator | 2 20 Simplify the following expressions.
doc-5190
- N p Y _Y
3 4 8 5
8x 2x 2w w
d _ - - =
9 "3 14 7 28
2y > p 10x | 2x
5 7 5 15
x+2+x+6 k2)6—1_2x+1
4 3 5 6
3 [N Simplify the following.
a2 4L 31
4x 8x 4x 3x
12 4 1 1
d —_— - i i
S5x + 15x € 6x + 8x
2 7 1 5
- h i -
9 Toox T 20x ox " x
4 FIE3EA Simplify the following by writing as single fractions.
2 3x 2x 5
ax+4+x—2 x+5+x—1
2x 3 4x 3x
d —
x+1 2x-7 ex+7+x—5
gx+8_2x+1 hx+5_x—1
x+1 x+2 x+3 x-=-2
i 2 3 4 4 3
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1a—f, 2a—f, 3a—f, 4-6

1d-i, 2a—f, 3a—i, 4-7, 9

H MASTER
Questions:
1g-i, 2e—j, 3d-i, 4-10

f A—
[l M N Individual pathway interactivity int-4567

x—1 1-x

x+1)2 x+1

36
57 15
1 _x
5 6
5_2
x 3
4 _x
3 4
Yy _JY
20 4
x+1 x+3
5 T2

3x+1 + Sx+2

1
a7
9 9
4x  5x
4 3
3x 2
5 X
2x+1+x—2
x+2 x-1
x+1 x+4+4
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UNDERSTANDING
5 A classmate attempted to complete an algebraic fraction subtraction problem.

x 3 _ x x=1) 3 X(X—U
x—1 x—1 x—=1 (x—1) x—=1 (x—=1)
_x(x—=1) = 3(x—1)

T (x=Dx+1)
CxE— 1 —3x —1
x=Dkx+11
Xt —6x —1
x=1Vkx+1)

a What mistake did she make? b What is the correct answer?

REASONING
Adding and subtracting algebraic fractions can become more complicated if
you add a third fraction into the expression.

6 Simplify the following.

1 2 1 1 4 2
b
x+2+x+1 x+3 x—1+x+2+x—4
3 2 1 2 3 5
— d —
x+1+x+3 x+2 x—4 x—1+x+3

7 Why is the process that involves finding the lowest common denominator important in
question 67
8 The reverse process of adding or subtracting algebraic fractions is quite complex. Use
trial and error, or technology, to determine the value of a if
Tx — 4 —__a . 3
x=8x+5 x—8 x+5

PROBLEM SOLVING
3 1 2
- + :
+Tx+12 F+x—-6 x2+2x-38

9 Simplify

x2+3x—18_x2—3x+2
2—x—42 xX-5x+4

10 Simplify

2.4 Multiplying and dividing algebraic fractions
Simplifying algebraic fractions

* Algebraic fractions can be simplified using the index laws and by cancelling factors
common to the numerator and denominator.
* A fraction can only be simplified if:
— there is a common factor in the numerator and the denominator
— the numerator and denominator are both written in factorised form, that is, as the
product of two or more factors.
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3ab _ '3 x 'd x b < product of factors

3a+b 3 Xa+ b < notaproductof factors

12a 41 x !4 < product of factors
b

12a

12 x a < product of factors

== Cannot be simplified

4
Multiplying algebraic fractions

* Multiplication of algebraic fractions follows the same rules as multiplication of
numerical fractions: multiply the numerators, then multiply the denominators.

WORKED EXAMPLE 8

Simplify each of the following.
5
a i X 6_z b 2x X r+1
3x Ty x+1D2x -3 X
THINK WRITE
a 1 Write the expression. a 5y y 6z
3x Ty
2 Cancel common factors in the numerator 1
. 5¢  #z
and denominator. The y can be cancelled = r X
in the denominator and the numerator. 12x Ty
Also, the 3 in the denominator can divide _ 5.2
into the 6 in the numerator. x 7
3 Multiply the numerators, then multiply _ 10z
the denominators. T Ix
b 1 Write the expression. b 2x o Xt 1
x+ 1H2x = 3) X
2 Cancel common factors in the numerator _ 251 x4+T1!
and the denominator. (x + 1) and the x - le4+T17(2x — 3) x A1
are both common in the numerator and the 2 1
denominator and can therefore be cancelled. T ox =3 X 1
3 Multiply the numerators, then multiply __2
the denominators. 2x — 3

Dividing algebraic fractions

* When dividing algebraic fractions, follow the same rules as for division of numerical
fractions: write the division as a multiplication and invert the second fraction. This
process is sometimes known as multiplying by the reciprocal.

WORKED EXAMPLE 9 R} ] CASIO )

Simplify the following expressions.
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2 T Y9 x+1DBx -5 " x+1

THINK WRITE
a 1 Write the expression. a 3% LA
2 Oy




2 Change the division sign to a _3xy 9y
multiplication sign and write the ) Ay
second fraction as its reciprocal.

3 Cancel common factors in the _ 3y » 9y
numerator and denominator and )

cancel. The pronumeral x is
common to both the numerator and
denominator and can therefore be

NUMBER AND ALGEBRA

cancelled.
4 Multiply the numerators, then 27y?
multiply the denominators. g
b 1 Write the expression. b 4 Lx=17
x+1DBx=5  x+1
2 Change the division sign to a _ 4 x+1
multiplication sign and write the S+ DBx=5 " x-7
second fraction as its reciprocal.
3 Cancel common factors in the 4 % 1
numerator and denominator and 3x—-5 x-7
cancel. (x + 1) is common to both the
numerator and denominator and can
therefore be cancelled.
4 Multiply the numerators, then _ 4
multiply the denominators. Bx=5x-=17)
Exercise 2.4 Multiplying and dividing assess@
algebraic fractions
INDIVIDUAL PATHWAYS
B PRACTISE B CONSOLIDATE HMASTER REFLECTION
Questions: Questions: Questions: How are multiplying and
1a—f, 2a—f, 3a—i, 4a-b 1d-i, 2a—f, 3a—i, 4, 5, 7 1g-1, 2e—j, 3d-I, 4-8 dividing algebraic fractions
S different to adding and
Il B M Individual pathway interactivity int-4568 subtracting them?

FLUENCY
1 WZEN Simplify each of the following.
x 20 x 12 y _ 16
- - b - - . -
a 5 X y 1 X y c A X X
x_9 x _ =25 3w -7
d Ex = X =22 v
27 2y 107" 2 —14 " x
3y 8z -y _ 6z x99z
Lx = h —= X —— = x ===
g 4x Ty 3x =Ty I 3z 2y
P 220, 2z LY
3x 8y Tx S5y 3w 2y

-

Digital docs
SkillSHEET
Multiplication of
fractions
doc-5187
SKillSHEET
Division of fractions
doc-5188
SkillSHEET
Simplification of
algebraic fractions
¥ doc-5191
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2 BIZE0 Simplify the following expressions.

S5x 4x + 7
b X
x=3)4x+7 by
x+4) x+ 1
x+Dx+3) x+4
§ 2 x(x+ 1)
x(2x = 3) 4
h 15¢ XM
12(d - 3) 6c
7)62(96—3)>< 3x—=3)x+ 1)
Sx(x+ 1) 14(x -3)*(x - 1)
4 12
c —+—=
x ' ox
g 1.3
2x  5Sx
O 3
9 " 4xy
103y , 20x
7 14y
b 1 . x-9
x+2)2x=5)  2x-5
13 3x+ 1)

6(r —4)2(x— 1) 20 —4@x—1)

Explain your reasoning.

A 2x X = 1
x—1D0Bx-2) X
9x Sx + 1
c X
Gx+ D(x—06) 2x
. 2x x—1
x+1 x+Dx-1)
4(a+3) 15x
i 6x2 9 15(x = 2)
20(x — 2)2 16x*

3 W[ Simplify the following expressions.
3.3 2.9
XX x ' x
20 .20 1.5
y 3y 5w w
3y 3x h 2L 5x

7 4y 5
M - 3_W k 2ﬂ - 3ﬂ
5 7 4y 5 5
4 FIEZI3 Simplify the following expressions.
A 9 . Xx+3
x=-DBx=7 x-1
. 12(x — 3)? L 4x=3)
x+5x-9  T7(x-9)

REASONING

5 Is the same as 1 1 ?
x+ x+2 x+2 x+2

_ 2 _
6 a Simplity = DE+D o -x
4x — x? (x+3)x—1)
b Find and describe the error in the following reasoning.
x=—DHx+3) X2 —x
4x — x? x+3)(x—-1D
_x=dHx+3) x(x—=1)
T x@-x) x+3)x-1
=1

PROBLEM SOLVING

2_2x-3

x2+4x—5;x2+7x+10

7 Simplify =
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R —5x+6 x*-3x2-4

=1
— 8 Simplify XL where ¢ = * =1
Digital doc X x+ 1
WorkSHEET 2.1 X ——
doc-13847 *
a
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~

CHALLENGE 2.2

Simplify the expression: /—ﬁ”w

1 1 =3
14X x| 1+ X1 ' \
1+ 1--— %
X X

- J

2.5 Solving simple equations

* Equations show the equivalence of two expressions.
* Equations can be solved using inverse operations.

* When solving equations, the last operation performed on the pronumeral when building the
equation is the first operation undone by applying inverse operations to both sides of the

equation. For example, the equation 2x + 3 = 5 is built from

x by multiplying x by 2 and then adding 3 to give the result

of 5. To solve the equation, undo the adding 3 by subtracting 3,

then undo the multiplying by 2 by dividing by 2.

One-step equations

+ and — are inverse operations
X and + are inverse operations
2and \/ are inverse operations

* Equations that require one step to solve are called one-step equations.

WORKED EXAMPLE 10

Solve the following equations.
_ d _ 1l _ 2 _ 4
aa+27="71 bE—3Z c Ve =10.87 cnf_g
THINK WRITE
a 1 Write the equation. a a+27=71
2 27 has been added to a resulting in 71. The a+?27-27=71-27
addition of 27 has to be reversed by subtracting a =44
27 from both sides of the equation to obtain the
solution.
b 1 Write the equation. b d _ 51
16 4
2 Express 3}1 as an improper fraction. d _13
16 4
3 ..
The pronumerall;l has been divided by d % 16 = 13 %< 16
16 resulting in e Therefore the division has 16 42
to be reversed by multiplying both sides of the d=
equation by 16 to obtain d.

o
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¢ 1 Write the equation. c o =0.87
2 The square root of e has been taken to result (Ve)? = 0.872
in 0.87. Therefore, the square root has to be e = 0.7569
reversed by squaring both sides of the equation
to obtain e.
d 1 Write the equation. d 2= 4
25

5> The pronumeral f has been squared, resulting

[N
W

in 24—5. Therefore the squaring has to be reversed

SR

by taking the square root of both sides of ;=
the equation to obtain f. Note that there are

two possible solutions, one positive and one

negative, since two negative numbers can also be

multiplied together to produce a positive result.

Two-step equations

* Two-step equations involve the inverse of two operations in their solutions.

WORKED EXAMPLE 11 TI } CASIO ]

Solve the following equations.
asSy—-6=179 b %x =5
THINK WRITE
a 1 Write the equation. a Sy—-6=179
2 Step 1: Add 6 to both sides of the equation. Sy—-6+6=79+6
S5y =285
3 Step 2: Divide both sides of the equation by Sy 85
5 to obtain y. 5 5
y=17
b 1 Write the equation. b 4x _ 5
9
2 ) . . .
Step 1: Multiply both sides of the equation 4x €9 =5%9
by 9. 9
4x =45
3 Step 2: Divide both sides of the equation 4x _ 45
by 4 to obtain x. 4 4
-8
4
4 Express the improper fraction as a mixed x=11L
number. +

50 Maths Quest 10 + 10A



NUMBER AND ALGEBRA

Equations where the pronumeral appears on both sides

* In solving equations where the pronumeral appears on both sides, subtract the smaller
pronumeral term so that it is eliminated from both sides of the equation.

WORKED EXAMPLE 12

Solve the following equations.
aSh+13=2h-2

a 1

2

THINK

Write the equation.

Eliminate the pronumeral from the right-
hand side by subtracting 2/ from both
sides of the equation.

Subtract 13 from both sides of the
equation.

Divide both sides of the equation by 3 and
write your answer.

Write the equation.

Add 4d to both sides of the equation.

Subtract 27 from both sides of the
equation.

Divide both sides of the equation by 3.

Express the improper fraction as a mixed
number.

Write your answer so that d is on the left-
hand side.

Write the equation.

Expand the brackets on both sides of the
equation.

Subtract 2x from both sides of the
equation.

Subtract 20 from both sides of the
equation.

Divide both sides of the equation by 8.

Simplify and write your answer with the
pronumeral on the left-hand side.

b 14—-4d =27 -d

¢ 2(x —3) = 5(2x + 4)

WRITE
a S5h+13=2h-2
3h+13=-2
3h =-15

b 14-4d=27-d

14 =27 + 3d
~13=3d
_1B_y

3

1_
~4t=d

_ 1
d= -4,

¢ 2x—=3)=502x+4)

2x —6=10x + 20

2x—2x— 6 =10x — 2x + 20

—-6-20 = 8x+20-20

—26 = 8x
26 _
8
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asseSS@ Exercise 2.5 Solving simple equations

INDIVIDUAL PATHWAYS

REFLECTION

Describe in one sentence
what it means to solve linear
equations.

H PRACTISE

Questions:

1a—f, 2a—e, 3a—f, 4a-b, 5a-b,
6a-b, 7a—f, 8a—d, 9a-b, 10a-b,

11a-c, 12a-b, 13a-c, 15a-d,
16a-d, 17a—d, 19-21, 25

H CONSOLIDATE

Questions:

1d-i, 2d-i, 3a—f, 4, 5a—b, 6a-b,
7d—-i, 8¢c—f, 9c—g, 10a-d, 11c,
12, 13d-i, 15¢—f, 16¢—f, 17c—,
19-21, 23, 25, 26

H MASTER

Questions:

3-6, 7d-i, 8¢c—f, 9e—i, 10d—f,
11d-f, 12, 14, 15g-i, 169-i,
17g-i, 18-26

—
l M M Individual pathway interactivity int-4569

FLUENCY
1 EIZLE Solve the following equations.
a a+61 =285 b k—75=46
d r—23=0.7 e h+0.84=1.1
g t—12=-7 hg+;=1
2 [IETIT Solve the following equations.
f i
== b —=-6
! 10
d 9v =63 e 6w =-32
_ m _ 7
g 4a=1.7 h 19-%
3 [IZIEET Solve the following equations.
a Vi=10 b y> =289
d f2=144 e Vi=2
9 Ve=5 h =g
4 Solve the following equations.
a Vi-3=2 b 5x% =180
d -2 =-18 e P+ 11=111
5 Solve the following equations.
a Vx=2 b 1 =-27
d X¥*= g e Vm=02
6 Solve the following equations.
ax*+1=0 b 3x=-24
d -2xVw=16 e Vi-13=-8
7 EIEZEE Solve the following.
a Sa+6=26 b 6b+ 8 =44
d 7f— 18 = 45 e 8¢+ 17=26
g 6s+46 =175 h 5t—-28 =21

52 Maths Quest 10 + 10A

c g+93=122
f i+5=3

c 3Vm=12
f Vm+5=0

¢ Vim=!
3155
f w —158

c Vm+5=6

f 23 —14=2

c 8i—9=15
f 10r—21=33
i 8a+88=28
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8 Solve the following.

f 8 r
a A + 6 + c 10 +
m n P
d ——12=-1 = = 8. f ——18=34
9 0 e 3 +5=85 2 8§=3
9 Solve the following.
a 6(x+8) =56 b 7y —4) =35
c S(m—-3)=17 d 32k+5)=24
e 5B3n—-1)=280 f 6(2c+7) =38
g2x—=54+3x-7) =19 h 3x+5) -5x-1)=12
i 32x—-7) - (x+ 3) =-60
10 FZEN Solve the following.
3k 9m Tp
—=15 b — =18 —=-8
°s 8 “ 10
8u 11x 4y
d = =— —==2 f —=0.
n= 7y 1508
11 Solve the following.
ax—5=7 b2m+1=_3 c3w—1=6
3 3 4
t— 6 —x 3n -5
2 ° 73 4
12 [[/[Z1 a The solution to the equation ls—) +2="7is:
A p=S5 B p=25 c p=45 D p=10 E p=1
b If 5h + 8 = 53, then 4 is equal to:
A . B 122 c 225 D 10 E 9
¢ The exact solution to the equation 14x = 75 is:
A x =15.357142 857 B x = 5.357 (to 3 decimal places)
—553 —
Cc x= Sﬁ D x=54
E x=55
13 Solve the following equations.
a —x=5 b2-d=3 cS5—-p=-2
d -7-x=4 e =5h=10 f —6r=-30
vV _ _L: l i - =
9 5= 4 h 7= i —4g=32
14 Solve the following equations.
a6-2x=8 b 10-3v=7 c 9-6/=-3
d 3-2=1 e =5 —4i=—17 ¢ —35—e=14
8j k 4
— = h ———-3= -2 4+ 1=
9 —3 9 ) Pt
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15

16

17

18

UNDERSTANDING

19

20

21

22
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ETZEE Solve the following equations.

a bx+5=5%+7 b 7b+9=06b+ 14 c llw+ 17 = 6w + 27
d 8f—2=T7f+5 e 10r—11=5t+4 f 12r—16=3r+5
g 12¢g —19=3g -3l h Th+5=2h-6 i 5a—-2=3a-2
ITEFE Solve the following equations.

alS5—-2x=6—-x b 10 —3c=8-2¢ c 3r+13=9r-3
d k—5=2k-6 e 5y+8=13y+ 17 f 17-3g=3-g
g l4-5w=w+38 hdm+7=8—-m i 14-5p=9-2p
IEEE Solve the following equations.

a 3x+5) =2 b 8(y+3) =3y

c 6(t—5) =41+ 3) d 10(u+1)=3u-23)

e 12(f—10) =4(f-5) f 2(4r+3)=3Q2r+7)

g 52d+9)=3@3d + 13) h 5(h—=3)=32h-1)

i 24x+1)=53B-x)
[l a The solution to 8 — 4k = =2 is:

—nl _ 1 _ 1l _ 1 _2
Ak_25 Bk_—25 Ck—li Dk_—lg Ek_g

b The solution to —6?’1 +3=-7is:

—nal —_13l =1 —gl —_g!
A n—33 B n= 33 C n=3 D n=3y E n= 83
¢ The solutionto p — 6 = 8 — 4p is:

2 — 04 — 42 =2
Ap_5 Bp_25 Cp—43 Dp—3

If the side length of a cube is x cm, then its volume V is given by

V = x>. What is the side length (correct to the nearest cm) of a cube

that has a volume of:

a 216 cm? b 2m3?

The surface area of a cube with side length x cm is given by A = 6x2.

Find the side length (correct to the nearest cm) of a cube that has a surface area of?:

a 37.5cm? b 1m2

A pebble is dropped down a well. In time ¢ seconds it falls a

distance of d metres, given by d = 5¢%.

a How far does the pebble fall in 1 s?

b How many seconds will it take the pebble to fall 40 m?
(Answer correct to 1 decimal place.)

The surface area of a sphere is given by the formula A = 4772,
where r is the radius of the sphere.

-~ x>

a Find the surface area of a sphere that has a radius of 5 cm.

b What is the radius of a sphere that has a surface area equal
to 500 cm?? (Answer correct to the nearest mm.)
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REASONING
23 Find the radius of a circle of area 10 cm?2.

24 The volume of a sphere is given by the formula V = ;17173, where r is the radius of the
sphere. If the sphere can hold 1 litre of water, what is its radius correct to the nearest mm?

PROBLEM SOLVING

25 The width of a room is three-fifths of its length. When the width is increased by
2 metres and the length is decreased by 2 metres, the resultant shape is a square.
Find the dimensions of the room.

26 A target board for a dart game has been designed as three concentric circles where
each coloured region is the same area. If the radius of the purple circle is r cm and
the radius of the outer circle is 10 cm, find the value of r.

2.6 Solving multi-step equations

Equations with multiple brackets

Many equations need to be simplified by expanding brackets and collecting like terms
before they are solved. Doing this reduces the equation to one of the basic types covered in
the previous exercise.

WORKED EXAMPLE 13 TI ] CASIO )

Interactivity
Solving equations
int-2778

Solve each of the following linear equations.
abx+1)—-—4x-2)=0 b 76 —-x)=3x+1) —-10
THINK WRITE
a 1  Write the equation. aox+1)—-4x-2)=0
2 Expand all the brackets. (Be careful with the —4.) 6bx+6—-4x+8=0
3 Collect like terms. 2x+14=0
4 Subtract 14 from both sides of the equation. 2x=-14
5 Divide both sides of the equation by 2 to find the value of x. x=-1
b 1 Write the equation. b 76—-x)=3x+1)-10
2 Expand all the brackets. 35-Tx=3x+3-10
3 Collect like terms. 35 -Tx=3x—-17
4 Create a single pronumeral term by adding 7x to both sides of 35=10x -7
the equation.
5 Add 7 to both sides of the equation. 42 = 10x
Divide both sides of the equation by 10 to solve for x and 42 _ N
simplify. 10
21 _
5
7 Express the improper fraction as a mixed number fraction. 4l —
5
8 Rewrite the equation so that x is on the left-hand side. X = 4%
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Equations involving algebraic fractions

To solve an equation containing algebraic fractions, multiply both sides of the equation
by the lowest common multiple (LCM) of the denominators. This gives an equivalent
form of the equation without fractions.

WORKED EXAMPLE 14

Solve the equation )%5 = 3%7 and verify the solution.
THINK WRITE
1 Write the equation. x—=5_x+7
3 4
2 The LCMis3 x 4 = 12. Px -5 Mx+7)
Multiply both sides of the 13 - 1y
equation by 12.
3 Simplify the fractions. 4x -5 =3x+7)
4 Expand the brackets. 4x — 20 = 3x + 21
5 Subtract 3x from both sides of x—20=21
the equation.
6 Add 20 to both sides of the x =41
equation and write the answer.
7 To verify, check that the answer
x = 41 is true for both the left-
hand side (LHS) and the right-hand
side (RHS) of the equation by
substitution.
. . 41 -5
Substitute x = 41 into the LHS. LHS = 5
_ 36
3
=12
Substitute x = 41 into the RHS. RHS = 4l : !
_48
4
=12
8 Write your answer. Because the LHS = RHS, the solution
x = 41 is correct.
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Solve each of the following equations.

5x+3) 3x—-1)
Y =4 4= -
“ T 5
THINK
a 1 Write the equation.

2 The lowest common denominator
of 5 and 6 is 30. Write each term
as an equivalent fraction with a
denominator of 30.

3 Multiply each term by 30.
This effectively removes the
denominator.

4 Expand the brackets and collect like
terms.

5 Subtract 18x from both sides of the
equation.

6 Subtract 75 from both sides of the
equation.

7 Divide both sides of the equation by
7 to solve for x.

8 Express the improper fraction as a
mixed number.

Write the equation.

2 The lowest common denominator
of 3, x+ land x — 11s
3(x — 1)(x + 1). Write each
term as an equivalent fraction
with a common denominator of
3x—Dx+1).

3 Multiply each term by the common
denominator.
4 Expand the brackets.

5 Subtract 3x from both sides of the
equation.

6 Subtract 4 from both sides of the
equation to solve for x.

b =
3c—-1) x+1

WRITE
a 5(x+3)=4+3(x—1)
6 5
25(x+3) 120 N 18(x = 1)
30 30 30

4 1

25(x +3) = 120 + 18(x — 1)

25x 4+ 75 = 120 + 18x — 18
25x + 75 = 102 + 18x

Tx+ 75 =102

Tx =27

27

X =—

7

x=3g
4 _ 1
3x—-1) x+1

4x + 1) 3x—=1)

3x—Dx+1) 3x—-DHx+1)

4x+1)=3x—-1)

dx+4=3x-3
x+4=-3

x+4-4=-3-4
=7
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asseSS@ Exercise 2.6 Solving multi-step equations

INDIVIDUAL PATHWAYS

REFLECTION H PRACTISE H CONSOLIDATE B MASTER
Eoetrgii(:‘r’]fzfoj ﬂt‘;’ ;rdeegrg;(c Questions: Questions: Questions:
p 2o 1, 2a-c, 3a-e, 4a-d, 5, 6, 9 1,2a-f,3b-,4c-9,6,7,9,11,12 1, 2c-h, 3g-1, 4g-1, 713

fractions? Explain.

P i
Il B M Individual pathway interactivity int-4570

FLUENCY
1 WIZE] Solve each of the following linear equations.
a 6(dx—-3)+7x+1)=9 b 93-2x)+20x+1)=0
¢ 8(5—3x) —4(2 +3x) =3 d 9(1 +x) — 8(x +2) = 2x
e 6(4+30)=Tx—1) +1 f 10(4x+2) =38 —x) + 6
2 [I2H Solve each of the following equations and verify the solutions.
ax+1=x+3 b)c—7=x—8 cx—6=x—2
2 3 5 4 4 2
8x + 3 2x—1 x-3 dx+1 x+2
=2 = f =
475 * s 4 3 4
6—x=2x—1 h 8—x=2x+1
3 5 9 3
3 Solve each of the following linear equations.
3 5 3 4 5 4 4 7
d __3x_|_£=l e 2_x_£=_§ f 5_x_8=2_x
5 8 4 3 6 4 8 3
7 8 8 X 6 x X X
1 4 5 2x — 4 X 4 -1 2x+5
P 3ty Tx 5 t0=; 2 3 0

4 BIZEN Solve each of the following linear equations.
3+ D), S@+ 1) _ L2+ 30r=5)

a 4 0
2 3 7 8
. 2(4x+3)_6(x—2)_l d 8(x+3) 3(x+2)
5 2 2 5 4
o 5(7—x)=2(2x—1)_|_1 ; 2(6—x)=9(x+5)+l
2 7 3 6 3
—5(x—2)_6(2x—1)_l h 92x—1) 4(x-5)
973 5 3 7~ 3
1 3 8 . 3 5 _ 5
: x—1+x+1_x+1 ! x+1+x—4_x+1
Digital doc
WorkSHEET 2.2 K 13 _ -1 I 4 _5_-1
doc-13848 -1 X x-1 2x—1 x X
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UNDERSTANDING

5 Last week Maya broke into her money box. She
spent one-quarter of the money on a birthday
present for her brother and one-third of the money
on an evening out with her friends, leaving her with
$75. How much money was in her money box?

6 At work Keith spends one-fifth of his time in
planning and buying merchandise. He spends
seven-twelfths of his time in customer service and
one-twentieth of his time training the staff. This
leaves him ten hours to deal with the accounts. How many hours does he work each
week?

7 Last week’s school fete was a great success, raising a good deal of money. Three-
eighths of the profit came from sales of food and drink, and the market stalls recorded
one-fifth of the total. A third of the profit came from the major raffle, and the jumping
castle raised $1100. How much money was raised at the fete?

8 Lucy had half as much money as Mel, but since Grandma gave them each $20 she now
has three-fifths as much. How much money does Lucy have?

REASONING
9 a Which numbers smaller than 100 have exactly 3 factors (including 1 and the number
itself)?
b Which two numbers smaller than 100 have exactly 5 factors?
¢ Which number smaller than 100 has exactly 7 factors?
10 To raise money for a charity, a Year 10 class has decided to organise a
school lunch. Tickets will cost $6 each. The students have negotiated
a special deal for delivery of drinks and pizzas, and they have budgeted
$200 for drinks and $250 for pizzas. If they raise $1000 or more, they
qualify for a special award.
a Write an equation to represent the minimum number of tickets
required to be sold to qualify for the award.

b Solve the equation to find the number of tickets they must sell to
qualify for the award. Explain your answer.

1 If X+ 7 =4 _ , explain why a must be equal to 5.
x+2)x+3) x+2 x+3
(Note: ‘=" means identically equal to.)

PROBLEM SOLVING
12 Solve for x:

=D == =ix-4-L

24x+3) _ a +-0 , find the values of @ and b.

13 If =
x=3x+7 x-3 x+7
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2.7 Literal equations

WORKED EXAMPLE 16

Literal equations are equations that include several pronumerals or variables. Solving
literal equations involves changing the subject of the equation to a particular pronumeral.
A formula is a literal equation that records an interesting or important real-life relationship.

Solve the following literal equations for x.

a ax*+bd=c b ax=cx+b
THINK WRITE
a 1 Write the equation. a ax’>+bd=c

2 Subtract bd from both sides of the equation. ax* = c¢ — bd

3 Divide both sides by a. 2=C= bd

a
4 To solve for x, take the square root of both bd
sides. This gives both a positive and negative x =45 _a
result for x.

b 1  Write the equation. b ax=cx+ Db

2 Subtract cx from both sides. ax—cx=>b

3 Factorise by taking x as a common factor. x(a—rc) =

4 To solve for x, divide both sides by a — c. = b

T a-c

Make b the subject of the formula D = \/b? — 4ac.
THINK WRITE
1 Write the formula. D =\VP? — dac
2 Square both sides. D? = b% — 4ac
3 Add 4ac to both sides of the equation. D? + 4ac = b?
4 Take the square root of both sides. +\D? + dac = b
5 Make b the subject of the formula by solving for b. b= +\/D? + dac

Restrictions on variables

60 Maths Quest 10 + 10A

Some variables may have implicit restrictions on the values that they may be assigned in
an equation or formula. For example:

—-ifV= %l then ¢ cannot equal zero, otherwise the value of V would be undefined.
—ifd = Vx — 9, then:
* the value of d will be restricted to positive values or 0

* the value of x — 9 must be greater than or equal to zero because the square root of a
negative number cannot be found.
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x—9> 0
x > 9 (Hence x must be greater than or equal to 9.)

* Other restrictions may arise once a formula is rearranged. For example, if we look at the
formula V = Is2, there are no restrictions on the values that the variables / and s can be
assigned. (However, the sign of V must always be the same as the sign of / because s is
always positive.) If the formula is transposed to make s the subject, then:

V = Is?

This shows the restrictions that / # 0 and ‘7/ > 0.

If the formula V = Is? represents the volume of the rectangular prism shown, additional
restrictions become evident: the variables / and s represent a length and must be positive

numbers. Hence, when we make s the subject we get s = \/g/

Exercise 2.7 Literal equations

INDIVIDUAL PATHWAYS

H PRACTISE H CONSOLIDATE H MASTER
Questions: Questions: Questions:
1a-f, 2a—-d, 83a—-d, 4a-d, 5, 7 1la—-g, 2a—f, 3a—-f, 4a-, 5, 7, 8 1d-i, 2c—j, 83c-h, 4-8

VA m—
Il B M Individual pathway interactivity int-4571

FLUENCY
1 WIEE Solve the following literal equations for x.
a ®=yg b X—be=d c Vx+n=m d acx> =w
bc a
eg=é f x+m=w g abx+b) =c hg=é+m
Xy n X c
i —qv — i X _¢
i mx=ay— bx i m+a 7

2 E212 Rearrange each of the following literal equations to make the variable in brackets
the subject.

a V=Ibh ] b P=2[+2b [b] ¢ A=bh []

d c=Va*+ b [a] eF=%+32 [C] f A= [r]

g v=u+at [a] hl=% [N] i E=%mv2 [m]

i E =%mv2 v] k v?=u*+ 2as [a] I v =u®+ 2as [u]
I_1,1 _ hxyp + mxp

m)_c_a+b [a] n x_—m+n [x1]

3 Complete the following.
a Ifc = Va? + b% calculate a if c = 13 and b = 5.
b IfA= %bh, find the value of 4 if A = 56 and b = 16.

assess @

REFLECTION

Why is it important to
consider restrictions on
variables when solving literal
equations?
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62

c If F= % + 32, find the value of C if F = 86.

If v =u + at, find the value of a if v =83.6,u = 15and t = 7.
If V = Is2, find the value of s if V.= 2028 and [ = 12.

d
e
f If v2 = u? + 2as, find the value of u if v =16, a = 10 and s = 6.75.
g IfA= %h(a + b), find the value of a if A = 360, b = 15 and h = 18.
h

Ifx = % find the value of x, if x = 10, m = 2, n = 1 and x, = 4.

UNDERSTANDING
4 For the following equations:
i list any restrictions on the variables in the equation.
ii rearrange the equation to make the variable in brackets the subject.
ii list any new restrictions on the variables in the equation formed in part ii.

ay=x*+4 [x] b y= 2 [x]
x—3
cv=u+at [1] d c=Va*+ b [b]
e s=—"2 ] ¢ m=Pbtaa [b]
1—-r p+gq
—b + Vb* — dac pb +qa
= — h = —
g x > [c] m= (]
REASONING
5 The volume of a cylinder is given by V = zr?h, where r is the radius and # is the height
of the cylinder.

a State any restrictions on the values of the variables in this formula.

b Make r the subject of the formula.

¢ List any new restrictions on the variables in the formula.
6 T is the period of a pendulum whose length is / and g is

the acceleration due to gravity. The formula relating these

variables is T = 2« é

a What restrictions are applied to the variables 7 and [?
b Make / the subject of the equation.

¢ Do the restrictions stated in part a still apply?

d Find the length of a pendulum that has a period of 3 seconds, given that g = 9.8 m/s>.
Give your answer correct to 1 decimal place.

PROBLEM SOLVING

7 F=32+ %C is the formula relating degrees Celsius (C) to degrees Fahrenheit (F).
a Transform the equation to make C the subject.
b Find the temperature when degrees Celsius is equal to degrees Fahrenheit.

8 Jing Jing and Pieter live on the same main road but Jing Jing lives a kilometres to the
east of Pieter. Both Jing Jing and Pieter set off on their bicycles at exactly the same time
and both ride in a westerly direction. Jing Jing rides at j kilometres per hour and Pieter
rides at p kilometres per hour. It is known that j > p. Find an equation in terms of a, j
and p for the distance Jing Jing has ridden in order to catch up with Pieter.
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'"ter\;:,:;:::;: [t is important to learn and be able to use correct mathematical language in order to
communicate effectively. Create a summary of the topic using the key terms below. You
can present your summary in writing or using a concept map, a poster or technology.
algebra formula simplify
denominator literal substitution
Crossword equation multiple undefined
_&° evaluate numerator variable
1< e expression pronumeral
=— factor restriction
= - J
- A ( 2\

The story of mathematics
is an exclusive Jacaranda video
series that explores the history of
mathematics and how it helped
shape the world we live in today.

Al-Khwarizmi (eles-1841) tells

Link to assessON for
questions to test your assess
readiness FOR learning,

your progress AS you learn and your
levels OF achievement.

The story

of mathematics

Jacaranda piu

assessON provides sets of questions

for every topic in your course, as well

as giving instant feedback and worked
solutions to help improve your mathematical
skills.

www.assesson.com.au

the story of Muhammad Al-Khwarizmi, a Persian
mathematician of the 9th century who wrote

a famous mathematical text known as the
Compendious Book and subsequently became
known as the father of algebra.
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INVESTIGATION

RICH TASK

Checking for data entry errors

p—

When entering numbers into an electronic device, or even writing numbers down, errors frequently occur.
A common type of error is a transposition error, which occurs when two digits are written in the reverse order.

Take the number 2869, for example. With this type of error, it could be written as 8269, 2689 or 2896.
A common rule for checking these errors is as follows.

If the difference petween the correct number and the recorded number is a multiple of 9,
L a transposition error has occurred.
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We can use algebraic expressions to check this

rule. Let the digit in the thousands position be represented
by a, the digit in the hundreds position by b, the digit in the
tens position by ¢ and the digit in the ones position by d.
So the real number can be represented as

1000a + 100b + 10c + d.

1

4 Comment on the checking rule for transposition errors.

If the digits in the ones position and the tens position
were written in the reverse order, the number would be
1000a + 100b + 10d + c. The difference between the
correct number and the incorrect one would then be:
1000a + 100b + 10c + d — (1000a + 100b + 10d + c¢).
a Simplify this expression.

b Is the expression a multiple of 9? Explain.

If a transposition error had occurred in the tens and
hundreds position, the incorrect number would be
1000a + 100c + 10b + d. Perform the procedure
shown in question 1 to determine whether the difference
between the correct number and the incorrect one is a
multiple of 9.

Consider, lastly, a transposition error in the thousands and
hundreds positions. Is the difference between the two
numbers a multiple of 97

NUMBER AND ALGEBRA
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CODE PUZZLE

In which country was the first

practical ice-making machine and
refrigerator produced in 18567

Match each statement on the left with the equivalent
statement on the right. The numbers and letters can
be used to solve the code below.

a B N @ B N
1 simplify 3 _5 E 5

. Yy 5x 3x J § y Y,

a B 3 1 N\ 4 B N
2 simplify -~ . B 6x

. y x-1 X-2 J | y Y,

& ) 2 4 N\ o ) )
3 simplify + U 6

. J x-2 x-1 ) § / Y,

o ) N\ [ N\ _ N\
4 simplity 22 . 4 w 15—2)

< Y X SX J © Y x-1 J

@ ) 15 3 N\ A ) 2 )

Simplify =+ 4 —

L 5 ) 3x-1) 9x -2) ) T ) 3 )
o Y N\ A Y 4x — 7 N\
6 Simplify x 1 K W=7
\  x+3)x-1)  (x+3) ) S k=-Nx-2) )
a B N\ @ ~ N

7 simpliy 3 -1 8 R 12
. Y 4 2x-1 ) U / Y,
a B N @ B N
8 solve X _ i=2_x C 2x
. Y, 5 77 ) © . x-1 Y,
o ) N\ o N\ )
O Solve X _x_-4 A 2
o - 4 3 5 3 J . - 4 J
4 Y N\ £ Y 6x-10 N\
1(Q sSolve S 1 - 3 | _xX=
T ) 3x X J ) (X_1)(X_2) )
p DR 3 1l B N
11 solve -2 L 3
\  ox-1 X x=-1 ) = Y J
a B N O B - N
12 solve 6_1_3 D 16
. ) X 4 X ) \_ 4 15X )
O ) N\ & ) )
13 solve _Aox_x S _5
N / 21 7 6 ) § / Y,
12 | 9 || 13 1
el Ll [elel. 1.
13 || 3 || 11 13 || 12 || 10 || 8 || 7 || 13
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) Activities

2.1 Overview

Video
¢ The story of mathematics (eles-1841)

2.2 Substitution

Digital docs

e SKIllSHEET (doc-5183): Like terms

e SKIllSHEET (doc-5184): Collecting like terms

e SKIllSHEET (doc-5185): Finding the highest common
factor

e SKIllSHEET (doc-5189): Order of operations

Interactivity
¢ |P interactivity 2.2 (int-4566): Substitution

2.3 Adding and subtracting algebraic fractions

Digital docs

e SKIllSHEET (doc-5186): Addition and subtraction of
fractions

e SKIllSHEET (doc-5190): Writing equivalent
algebraic fractions with the lowest common
denominator

Interactivity
¢ |P interactivity 2.3 (int-4567): Adding and subtracting
algebraic fractions

2.4 Multiplying and dividing algebraic fractions

Digital docs

e SKIllSHEET (doc-5187): Multiplication of fractions

e SKIllSHEET (doc-5188): Division of fractions

e SKIllSHEET (doc-5191): Simplification of algebraic
fractions

e WorkSHEET 2.1 (doc-13847): Algebraic fractions

Interactivity
¢ |P interactivity 2.4 (int-4568): Multiplying and dividing
algebraic fractions

2.5 Solving simple equations

Interactivity
e |P interactivity 2.5 (int-4569): Solving simple equations

2.6 Solving multi-step equations

Interactivities

e Solving equations (int-2778)

e |P interactivity 2.6 (int-4570): Solving multi-step
equations

Digital doc

e WorkSHEET 2.2 (doc-13848): Solving equations with
fractions

2.7 Literal equations

Interactivity
¢ |P interactivity 2.7 (int-4571): Literal equations

2.8 Review

Interactivities

¢ Word search (int-2829)
e Crossword (int-2830)
e Sudoku (int-3589)

Digital docs
e Topic summary (doc-13803)
e Concept map (doc-13706)

To access eBookPLUS activities, log on to ‘ www.jacplus.com.au
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Answers
TOPIC 2 Algebra and equations

Exercise 2.2 — Substitution

1a 5 b 2 c 0
d 6 e —17 f 3
g 30 h 12 i =12
i 27 k 30 I -5

2a —11 b -1 c 1
d 30 e 24 f 36
g —125 h 1 i 15

7 1 1

3 a E b _E [ E
d 13 e f 48

4a9 b -9 c 9
d 18 e —18 f 36

5a 9 b -9 c 9
d 18 e —18 f 36

6a 17 b 30 c 8
d 4 e 1.5 f 68
g 46 h 113.1 i 5
i 624.6

7a D b C c B

8 3.9cm

9 65.45 cm?

10 361 m

11 a —1 — in this case, addition is closed on integers.

b -1 —in this case, subtraction is closed on integers.
c 2 — in this case, multiplication is closed on integers.
d -1 — in this case, division is closed on integers.

e —2 —in this case, subtraction is closed on integers.
f —% — in this case, division is not closed on integers.

12 a 10 — in this case, addition is closed on natural numbers.
b —4 —in this case, subtraction is not closed on natural numbers.
¢ 12 — in this case, multiplication is closed on natural numbers.
d % — in this case, division is not closed on natural numbers.
e —2 —in this case, subtraction is not closed on natural

numbers.
f 4 — in this case, division is closed on natural numbers.
13a (a+2b)+4c=a+ Qb+ 4c)
b (x X 3y) X 5¢=xX 3y X 5¢)
c 2p+rq#q+lp
d 5d+q=q+5d
e 3z+40=0+3z=32
f 2xX L = L X 2x =1
2x  2x
g (@x+3y)+5z#4x+ 3y +52)
h 3d—4y# 4y — 3d
14 a s=71.875 metres b t=4 seconds
B5m=2
5
Challenge 2.1
3a’c?
Exercise 2.3 — Adding and subtracting algebraic fractions
1a % or 1% b % c 1
d 17 e 1 6 — 5x
99 35 30
15x — 4 15 — 16x 15 — 2x
g —— h =%
27 40 3x
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12 40 12
o 1 L w .
9 28 5
89y 32x . Tx+ 17
g — h —— !
35 15 10
i 7x + 30 K 2x — 11 I 19x + 7
12 30 6
34 2 O . 38
8x 12x 21x
3 .1 )
3x 24x 20x
37 51 . 1
g —— h — i -
100x 10x 6x
44 332+ 14x — 4 2x% +3x + 25 . 2x% 4 6x — 10
x+4Hx-2) x+5x-1 2x+1DH(x-2)
d 452 — 17x = 3 Tx% + x ‘ 22 +6x+7
x+DH2x-17) x+7x-=5) x+D(x+4)
9 —x24+Tx+ 15 x—=1 i 24+3x+9
x+Dx+2) x+3)(x-2) x+2)Bx—-1
i 5 —5x _ 5
x-DAd-x x-1
K 3x+7 I 3x—4
(x + 1)? (x =12

5 a The student transcribed the denominator incorrectly and wrote
(x + 2) instead of (x — 2) in line 2.
Also, the student forgot that multiplying a negative number by
a negative number gives a positive number.
Line 3 should have +3 in the numerator, not —1. They didn’t

multiply.
p F-Su+3
(x=DEx=-2)
6 a 4% + 17x + 17 7x2 —20x + 4
(x+2)(x+ D(x+3) =D +2)(x-4)
4x% + 17x + 19 2(2x¢* = 9x + 25)

E+DE+3)x+2) x=Hx-DEx+3)
7 The lowest common denominator may not always be the product
of the denominators. Each fraction must be multiplied by the
correct multiple.

8a=4
4(x = 1)
x+3Hx+Hx-2)
2x—1)
x=7x-4)
Exercise 2.4 — Multiplying and dividing algebraic fractions
1a A b 3x c ﬂ
y y X
g % — ¢ B
4y 4y 2x
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g@ h% ; =3x 7a a=4 b b=6 c i=3
x Tx 2y d f=9 e g=1 f r=5
5 K 122 s
Y X 6w gs:% htzg i a=—7%
2a —2 b c —2 8a f=40 b g=30 c r=-10
3x -2 x-3 2(x=6) d m=18 e n=28 f p=624
d 1 e 2x f _x+1 9a x= % b y=9 c m=4%
x+3 x+ 1)? 2(2x — 3) ’ ’
d k=11 e n=5% foce=11
a 35d . 9 2 3 3
g9 ———— h ——— I . 1
10(a + 3) 8(d - 3) 32:2(x — 2) g x=10 h x=4 i x=-7
i 3x 10 a k=25 b m=16 c p=-I13
10(x — 1) ! ¢
3 2 1 d u=-4- e x=-— f v=3
3 a 5 b § [+ 3 8 1
- - _ =2
g3 e% p %orS% 11 a x=26 b m=-5 c w=73
4y 2y? 8y? d r=5 e x=9 f on=_
9 — h — i — 3
U 25 9 12a B b E c C
j 2o k 2 Iy 13a x=-5 b d=-1 c p=7
15 d x=-11 e h=-2 f t=5
4 9 b 1 g v=-20 h r=-3 i g=-08
a ———— e _ _ —
Gx — 1)(x + 3) x+2)(x—9) 14 a x=-1 b v=1 c =2
. 21(x — 3) p 13 d g=-2 e t=3 f e——23%
x+5 Ix—Hx+ 1) . 3 1
5 Yes, because all of the fractions have the same denominator and 9 J="% h k=-36 if= _121
therefore can be added together. 15a x=2 b b=5 c w=2
6a -1
1
b 4 — x considered to be the same as x — 4 d f=7 e t=3 For=2
71 — _1! — _nl —
g g=-1- h h=-2- i a=0
g G+ 12 } >
[N 16 a x=-1 b ¢c=2 c r=2§
Challenge 2.2 d k=1 e y=—1% f og=7
x(x +2) x(x + 2)
or =1 h m=1 i p=12
x=D&+1D x* -1 g w= m=s pP=1
Exercise 2.5 — Solving simple equations 17 a x=-15 b y=—4§ c t=21
1a a=24 b k=121 c g=29 |
d r=3 e h=026 foi=-2 d u=-2: e f=12; fr=7;
g 1=5 ha=g i 0 9 i=—6 h D=—12 L
. 18 a b c
2 =12 b i=-60 -7
af ! | €z 19 a 6cm b 1.26cm
d v=7 e w=-5 f k=10 20 a 2.5cm b 41 cm
5 i 1 2ia 5m b 2.8s
g a=0425 h m=16§ ! y=215 22 a 314cm b 6.3cm
23 1.8 cm
3 a r=100 b y==17 c g=0625 24 6.2 em
d f=+12 e thg f pzig 25 Dimensions are 10 m by 6 m.
10V3
g g=g h j=+2 i a=xl2 ZGTcm
84 =31 -3 . . . .
42 1=25 b x=+6 c m=16 Exercise 2.6 — Solving multi-step equations
1 =2 b x=3 c -
d t=43 t==+10 f m=25 a x=4 X 3 X=3
5 =8 b x=-3 =1 = =28 =10
a x X c m=g d x=-7 e x=-25 fx=g
d x=3 e m=0.008 fow=2 2a x=3 b x=12 c x=-2
2 2
_3 _ 1 12
6a x=-1 b x=-2 c m=1 d x=3 e x=-Jorx=-3
2 5
d w=-512 e 1=125 fox=2 fx=g 9 x=3 h x=3

Topic 2 ¢ Algebra and equations 69



NUMBER AND ALGEBRA

5 2
3a x=g b x=15 ¢ x=—06;
10 g1
d =" e X——li f =-192
g x=‘7i h x=12 i x=3i
i x=3 k x=52 Iox=12
_5 431 4l
4 a X—E b x—1§ c x= H
15 <20 410
—12 _ 9 . _
g x—la h x——4% i x=1.5
i x=—4% k x=3 I x=1
5 $180 6 60 hours 7 $12000
8 $60
9 a 4,9,25,49 b 16,81 c 64

10 a 6x — 450 = 1000

b 241% tickets. This means they need to sell 242 tickets
to qualify, as the number of tickets must be a whole number.

11 Teacher to check

12 4
13a=3,b=5
Exercise 2.7 — Literal equations
1a x=¥ b x=a(d+ bc) c x=(m—n)?
d x==% w X 4 f x=nw-m
ac b
(¢] x=S—b h x ac i x= @
ab b+ mc m+ b
. mc + amd
! d
2ai1=2 b p=L=2 c h=24
bh 2 b
da=+V-p e C=3F-32)  r=x %‘
9 g=v—u N_lOOI i m_2£
t PR V2
2_ .2
i + 2E k a=2""4
m 2s
I u=+VVv?—2as aszb
—-x
x(m + n) — mx,
n yy=——
n
3a a=+12 b h=17 c C=30 d a=9.8
e s==+13 f u==+l1 g a=25 h x,=13

70 Maths Quest 10 + 10A

4 a i No restrictions on x
iix=+Vy-4 i y>4
b ix#3 ji =%+3 iii y#0
c i No restrictions
. V—u
i t= 2 iii a#0
d ic>0
i b=+Vc?-d? i Icl > lal
e ir# ii =s;a i s#0
+ —
foip#t—g i p="P ¥ ~aa g) 9 i p#0
g ia#0,b*>4ac
-2 b)?
ii c=(%‘x+)orc=—ax2—bx
da
iii No new restrictions
h ip#—q i p=d@-m i m#b
m—>b
5 a No restrictions, all values must be positive for a cylinder to
exist.
\% .
b r= —h ¢ h # 0, no new restrictions
T
6 a T and ! must be greater than zero.
T2
b I=-2%
472
¢ The restrictions still hold.
d 22m
7a C= %(F - 32)
b —-40° ja
8 Distance Jing Jing has ridden is - kilometres.

J—p
Investigation — Rich task

1a 9(c-4d

b Yes, this is a multiple of 9 as the number that multiples the
brackets is 9.

2 90(b — ¢); 90 is a multiple of 9 so the difference between the
correct and incorrect one is a multiple of 9.

3 900(a — b); again 900 is a multiple of 9.

4 If two adjacent digits are transposed, the difference between the
correct number and the transposed number is a multiple of 9.

Code puzzle
Australia
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