ETC1000 Notes Nicole Adam

Decision Making — As a manager, strategic, tactical and operational decisions are made on a frequent basis and the
information that is used to formulate these decisions is derived from statistics.

Business Analytics — the scientific process of transforming data into insight for making better decisions. The tools of
business analytics can aid decision making by creating insights from data, aids for more accurately forecast for
planning and yielding better alternatives through analysis and optimization.

Analytical Methods and Models

Data collected from the past

Descriptive Analytics — encompasses the set of techniques that describes what has happened in the past (describing
characteristics of a set of data) eg. data queries, reports, descriptive statistics

Diagnostic — discovering patterns or correlations in data

Data for the predictions of the future

Predictive Analytics — consists of techniques that use models constructed from past data to predict future outcomes
eg. past data on product scales

Prescriptive Analytics — using models to design actions that will influence outcomes, the output of a prescriptive
model is a best decision eg. price markdown models in retailing

Big Data — a set of data that cannot be managed, processed, or analysed with commonly available software in a
reasonable amount of time eg. Facebook processes more than 250 million picture uploads per day

Sample: In many cases it is not feasible to collect data from the population of all elements of interest, therefore data
is collected from a subset of the population known as a sample
Types of data:

Numerical (discrete, continuous) and Categorical (qualitative)

Data Sources

- Data comes from many sources; company databases, government reporting, market research etc
- The challenge lies with linking in the data about one subject, thus loyalty programs are so valuable

- Surveys are used to extract target information and they allow us to relate information together

characteristics (income, age) and preferences (about facilities that would need to be provided)

Challenge with surveys: questions must extract the right information

- they do not have an ambiguous meaning
- impartial (can’t be biased or give hints)
- wording that does not invite dishonesty (domestic violence example, choosing the right time)



% Samples need to be representative, a non-representative sample is biased
Sources of Bias:

Selection Bias — the sample is chosen in a way that makes it not representative (ie. choosing first 50 people who
watched the video to give feedback) solution??? take a random sample that represents the characteristics of the
student body

Non-Response Bias — not all who are selected for a sample will respond, if there is a pattern in the non-responses,
this creates bias in the sample (ie. people who could not be bothered responding)

Descriptive Analytics

- Always start with a question of interest and ensure that the data you are dealing with is relevant for the
question
- Data might have to be scaled or adjusted before meaningful descriptions can be made

Scaling Data: data must be scaled appropriately to suit the question of interest (refer to CO2 example in booklet)

» when looking at CO2 emissions (kilo tonnes pa) it is evident that China has the most, however this may be
because of their large population. Use this measurement when looking at environmental policies

> when looking at CO2 emissions (tonnes per capita (person) pa) China drops off the top list, and therefor this
scaling should be used to look at individual countries

Types of scaling:

- obtaining relative measures (ie. percentages, proportions, per-person, per-hetare etc)
- adjusting for price differences/inflation example: Gross Domestic Product in Australia in booklet

Adjusting for Inflation

*= Nominal/Actual/Current Prices — the $$ value of a series is actually measured at each point in time

= Real/Constant Prices — the value of a series would have taken if prices remained fixed at the same point in
history (the “Base” period)

= Consumer Price Index (CPl) — A weighted average of prices of consumer items, indexed to 100 in the “Base”
period
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=  The CPI tells us how much prised have changed over time and when we adjust by the CPI, we are essentially
taking out the part of the increase that is due to inflation

=  Where Nominal and Real GDP are similar — the
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Descriptive Analytics — Categorical Data
Describing Categorical Data — Frequency Distribution/Pivot Table, Visualising with a Bar Chart or a Pie Chart
Describing Bivariate Categorical Data — Pivot Table/Frequency Distribution/Contingency Table

- different ways to present the pivot table (counts, % of total, % of column, % of row)
- example: Employee training scenario in booklet

- rows = took part in training

- columns = became employed

Count of Individual Column Labels -

Row Labels -/ no yes Grand Total
no 69.23% 30.77% 100.00%
yes 4.55% 95.45% 100.00%
Grand Total 55.00% 45.00% 100.00%

- when deciding which way to represent the data; if we think one factor might cause the other, we take the % of
causal factor (ie. training causes employment, so use % of row)
- Using a pivot table allows us to summarise the overall pattern in the data and see a bigger picture

Descriptive Analytics — Numerical Data
Describing Numerical Data in Tables

% Frequency Distribution Table (upper limit of category with frequency, best stated in percentage terms)
«*» Cumulative Distribution Table (can be constructed from the frequency distribution table)

Histograms — used to describe the shape of a distribution of data (no spaces between bars)

Positively skewed (tails off to the right) Symmetric Negatively Skewed (tails off to the left)
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Mean > Median Mean = Median Mean< Median

#+ For numerical data we can describe data by looking at the average and spread

#* Average = Mean, formula (ie. =Average(C1:C1222) example: The average number of doctor’s visits per quarter is
2.28.

+ Median = the middle point, 50% of values are equal to or higher than the median, and 50% are equal to or lower,

formula (ie. =Median(C1:C1222) example: The median number of doctors’ visits per quarter is 1

Variances with the mean and median relate to the skewness of the distribution

Mean = median (symmetric distribution)

+FF

Mean > Median (positive skewness) — higher values pull up the mean



+ Mean < Median (negative skewness) — lower values pull the mean down

Variation in Data:

- Range (or spread of the data), formula (ie. =max(C1:C1222)-min(C1:C1222))

- The range can be influenced by one unusually extreme value example: The range from the fewest to biggest
number of doctors’ visits per year is 60 visits. However, only one person had 60 visits, next most common was 30.
The data is not as spread as the range of 60 suggests

- Standard deviation, formula (ie. =stdev.s(C1:C1222))

- Simple Explanation: roughly the standard deviation measures the average amount the X values vary from the
mean, above or below example: The standard deviation of doctors’ visits per quarter was 3.8019, which
measures the average amount the X values varied from the mean, above or below

- Technical Explanation: Explaining the formula

The term inside the bracket gives the difference between the actual value (Xi)
and the mean value (X). (the deviations from the mean) n (x; — %)2
i=1%\"L

This will produce both positive and negative results. This is then squared to n—1
remove the negative differences as we are only concerned with the size and not
direction of the deviation.

We then average these over (n-1) observations and take the square root to remove the effect of squaring the
deviations.

Example:

Heights of Australian mothers Height of Zimbabwe mothers

EW @

Australia has a higher mean, and Australia is
°] more spread

16 17 18 19 J }
Mum's height in metres L4 s

The Normal Distribution (Bell Curve)

- symmetric around the mean

- values become less likely the further they are from the mean
- very unlikely to get odd/extreme values

- 67% of the data is within 1 SD of the mean

- 95% of the data is within 2 SDs of the mean

- 99.7% of the data is within 3 SDs of the mean

Standard Normal Probability Distribution

- suppose X has a normal distribution with a mean (u) and standard deviation (o)
- different means shift the distribution sideways along the axis, but don’t change the shape
- changing the SD affects the spread of the normal, smaller SDs make it narrower, bigger SDs spread it out more



X—u
- /£ = —— Zscores represent how many standard deviations below or above the mean the X value is
o

- Inlecture example: Looking at z scores of child’s heights from Zimbabwe, even though they tend to follow a

normal distribution for the most part, there are often a small number of extremes/outlier values that can distort

the mean. Therefore in the z score calculations the median was used instead of the mean

- Using the median protects us from this distortion, being a more robust measure of central tendency

Diagnostic Analytics — Categorical Data

Diagnostic Analytics is an exploratory process of discovering patterns in data, usually used to discover relationships

between different variables/factors.
Diagnostics with Bivariate Categorical Data

Count of Individual Column Labels ~

Row Labels T no yes Grand Total
no 69% 31% 100%
yes 5% 95% 100%
Grand Total 55% 45% 100%

Pivot Table as % of Row
- rows =took part in training
- columns = became employed

These are conditional probabilities:

- Prob (employed, given took part
in training) = 0.95
- Prob (employed, given no

Independent Events

Pr(A|B)=Pr(A |B)=Pr(a)

training) = 0.31

If these do not equal each other, then the characteristic of B is not independent of the characteristic of A

Example: Check whether demand for beer is independent of gender

Pr(spend SO | F) = Pr(spend SO | M) = Pr(spend S0)

61 45 106

94 106 200

Therefore they are not independent; gender does

make a difference

Same Contingency Table as % of
Total:

e Intersection/joint probabilities
eg. Pr (X=yes NnY=yes) =0.21

e Marginal probabilities

eg. Pr (X=no) =0.78

eg. Pr (Y=yes) = 0.45

Beer Expenditure Females Males Total
{8 per annum)
0 61 45 106
1-100 5 4 g
101-500 17 29 46
501-1000 9 22 31
More than 1000 2 6 8
Total 94 106 200

Count of Individual Column Labels |~

b

Row Labels T no yes Grand Total
>< no 54% 24% 78%
yes 1% 21% 22%
Grand Total 55% 45% 100%



Example: % of Total

Count of C22a. E-mail to

communicate with clients or suppliers Column Labels

Grand

Row Labels No Tatal

Large >=100 2.00%
Medium »= 20 and <=99 39.33%
Small >=5 and <=19 ) 58.67%
Grand Total 57.33% 42.67% 100.00%

Joint Probabilities

Pr (medium size N not use email) = 0.1267

Pr (small size ™ not use email) =0.44

Pr (use email) =0.4267

Conditional Probabilities
25% of small firms use email

67% of large firms use email

Diagnostic Analytics — Comparing Across Groups

= To discover patterns in data, we can break up
the people into categories, and compare doctors
visits across the categories

= example: do men visit the doctor more or less
than women? Do people with higher incomes visit
the doctor more or less than others?

Example: % of Row

Count of C22a. E-mail to

communicate with clients or suppliers Column Labels
Row Labels No
Large »=100

Medium >= 20 and <=99
Small >=5 and <=19

Grand Total 57%
C E
AGE |~ DOCVISI|~ EDUC |~ MALE [T Income ~ | SUMME~
48 0 14.5 1 3467.818 1
52 2 18 1 3152.017 1
49 0 12 1 1500.96 0
59 4 11.5 1 2969.174 1
39 6 10.5 1 6416.904 1
40 12 9 1 780.4994 0
58 1 16 1 2619.857 0
45 0 11.5 1 1746.571 0
28 0 11.5 1 2825.337 1
60 0 12 1 2486.298 0
51 3 11.5 1 2134.699 0
27 0 13 1 1951.249 0
24 0 10.5 1 3274.823 0
23 4 10 1 1582.19 0
33 0 18 1 1245.242 1

Comparing Gender: using sumif and countif functions

" =sumif(E2:1222,” =1”, C2:C1222)/countif (E2:E1222,” = 1") = X male = 1.871
= for females, same formula is used except E2:1222 =0, = X female = 2.682

Grand

100%

43%
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Comparing Income: divide groups: low and high (median = 51,779, so use 51,800 as the dividing point)

Xlow=2.272 X high = 2.289

- these are different but compared to differences across gender, this difference is very small



#+ There may be reasons to compare other characteristics of data across groups, such as:

Spread
Example: compare standard deviation for number of doctor’s visits in winter compared to other seasons:
S =3.26,s =4.06

winter other seasons

Values of particular interest

Example: what proportion of people have no doctor’s visits? Does this vary across seasons?
Full sample: 38.0%
Winter: 37.9% Other Seasons: 38.1%

Diagnostic Analytics — Correlation
Correlation —a measure of relationship between numerical variables

Scatter Diagram: Scatter Diagrams help address 3 questions. Is there a relationship between X and Y? (any pattern?)
What direction is the relationship? And is the relationship linear?

++» Correlation measures the strength and direction of the linear relationship between X and Y

Yi

Y[X Xi p=

)

1 on X=X\ yi—Y
n—-141i=1 Sx )( Sy

< Product of deviations of Xi from X and Yi from Y
++ Deviations can be positive or negative, so their product and average can be positive or negative
¢+ Correlations range between -1 and 1 with 0 having no correlation

Correlation is not Causality (could be a number of other factors leading to an outcome)

Outliers can have a big impact on the correlation value in the data set



Predictive Analytics — Estimation

Real Difference vs. Chance Difference

= Some differences in means and proportions are small, and some correlations are small

= Small differences are probably just zero and the non-zero value was due to random variation

= How do we decide what is small?
= Need to identify real/ substantive differences vs. small/coincidental differences
= Real, substantive differences are likely to persist so relevant to decisions and predicting behaviour

= Predictive Analytics requires ideas of Statistical Interference

Statistical Interference — use a sample of data to estimate

characteristics of a population

A sample statistic is used as an estimator of a Population

Parameter

Mean u

Proportion «

Difference between means
Hz —

Difference in proportions
M2 —M

Correlation p

etc

Sample Mean X

Sample Proportion p

]giffer_ence between sample means
X=Xy

Difference in sample proportions
P2—P

Sample Correlation r
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» Whenever we use a sample statistic to estimate a population parameter, there is uncertainty; the estimate is

only an approximation to the true value
» If we take a new sample, we will get a different estimate. Both cannot be correct!

» The uncertainty is captured with the ideas of confidence intervals, hypothesis testing, standard errors

=  continuous distribution -
area in the extremes, it is bell shaped but more spread out

it is similar in shape to the normal distribution as (mean =0 and sd = 1) but with more

= Requires input of degrees of freedom, ie. if n = 10 then degrees of freedom =9

Predictive Analytics — Confidence Intervals

Confidence intervals are a way of showing the uncertainty in estimating population parameters with sample

statistics

- To calculate confidence intervals in excel, create a new column titled mean and input 1’s in every row (eg. Y = no.

of doctors’ visits and X = columns with all values equal to 1)

Short cut methods to calculating confidence intervals, using the binomial distribution

Sample proportion p has binomial distribution: mean = & and standard deviation = /@



4+ 95% confidence interval is: p — 1.96 /@ to p+1.96 p(ln_p)

#* If you know n and sample size you can construct the confidence interval
Confidence intervals for correlation

- What is the correlation between number of doctors’ visits (Y) and years of education (X)?
- Scale Y and X by their standard deviations Y* = y/Sy and X* = x/Sx (these give you the 95% confidence interval
for the correlation)

Predictive Analytics — Sampling Distribution Theory

Confidence intervals are constructed using some statistical theory for sampling distributions
Sampling Distribution for Sample Mean

Sample Mean — take a random sample of n values and calculate a sample mean (X)

Important Concept: sampling distribution of X is the theoretical probability distribution of all the possible X we
would get if we took many, many samples and calculated X for each of them. (this is difficult as we don’t take many
samples)

% X has a mean n
_ o2

% Var (X)=—

n —

% Since the data is from a normal distribution , the distribution of X will also be normal

% The sampling distribution of X is thus X ~(u1, a2/n)

% Pr(z>1.96)=0.025, and Pr(z < -1.96) = 0.025.

% So there is a 95% chance that z is between -1.96 and +1.96.

Lecture 7 Sampling Distribution Mean Example
X ~(u, 02/n)

= Call centre designing a good monitoring system for average phone call ratings

= Decide an acceptable minim average rating (eg. 8 out of 10)

= Each day take a random sample of calls to be monitored, listen to these and give rating. Calculate the mean
of that sample

= [f the true mean equals 8, 50% of the time we will get a sample mean less than 8

=  We are looking for a sample mean much less than 8, suggesting the population mean is unlikely to be 8 and
if that is the case we have a problem

=  We use the sampling distribution to decide a rule when to flag a problem (C).

=  We will say there is a problem when the sample mean falls below C, where C is defined by;

PriX < Clu = 8) =0.05
=  For avariable Z that follows the standard normal distribution, we can use Excel to workout

Pr(Z < —1.645) = 0.05

= This can be used to work out the appropriate value of c;

c-8

Z= o/\Nn

Z=-1.645 Therefore, C=8—1.645c/vn (Cut off)



= The population SD is unknown so we use the sample SD to estimate it, and use Student’s T distribution
instead of the standard normal to calculate our value of C
= |fn=20,then t o510 = 1.729

= So

—a_ 5
C=8 1.?2‘5\‘&]‘.ﬁ

- To obtain confidence intervals, need an estimate of standard deviation . Use sample standard deviation s.
- This change introduces a little extra uncertainty so now use Student’s t Distribution

- So 1.96 changes to something a bit bigger. Value depends on n, and will be very similar to 1.96 for larger n
- Confidence Interval Formula:

X — toasn-1 S/\/ﬁ and X +toasn-1 S/\/H

SUMMARY OUTPUT

Regression 5tatis tics

Multiple 05144802

S _ R Sguare 0.26468299
- Adjusted 02638702

= Standard 38018768

> Observat 1221
H ANOVA
df 55 M3 F gnificance F

Regressic 1 B6347.793612 £347.704 430154 1509E-83

Residual 1220 17634.20635 1445427

Total 1221 23982

X CoefficientsStandard Eror  £Stat  P-value lower 85%Upper 85%
———— ntercept 0 #N/A ENJA  ENJA O ENJA #NJA

Mean 22300983 0.108302835 2095624 1.56E-83 2.066637 2 49356

S/\/ﬁ N t 0251220 = 1.96

Lecture 6 — Adult Income and Lifestyle Choices

=  Estimating the mean household income

*=  Sample mean of $1,677

= The sample mean is only an estimate, to capture the uncertainty we construct a confidence interval for the
possible values

Coefficientandard Err tStat  P-value lower 95%Upper 95%ower 95.09 pper 95.0%

Intercept D HNJA  HN/A  ENJA A HN/A HNJA
mean  ( 1676.6 Y6.55413 101.2798 1644.144 1709.056 )644.144 1709.056

T — e ——

= We are 95% confident that the mean income for Australian households is between $1644 and $1709.
=  Why does this regression estimate the mean?

= |n this case all of our x values are equal to 1 so our scatter
diagram would look like this y

L4

= Fitting a line through this data, there is no information about )
what would happen to y if we change x. The “best” 2
horizontal line through this data will go through he mean !

and this is why we get the coefficient of the sample mean o oz 04 os  os : 12




Income and Age

Do we expect to see a correlation between household income and the parent’s age?

we can estimate the correlation and confidence interval by; transforming the data for income and age dividing
each by their SD, regression of income on age, including intercept

Coefficientandard Err  tStat  P-value 'ower 95%Upper 95%ower 95.09 pper 95.0%
Intercept -0.06427 0.098953 -0.64952 0.516035 -0.25827 0.129724 -0.25827 0.129724
%/sd 0.22912 0.015816 14.48688 1.53E-46 0.198114 0.260126 0.198114 0.260126

Correlation = 0.229, a reasonably strong positive correlation (point estimate)
Confidence interval for the correlation: between 0.198 and 0.260 (interval estimate)

Differences in Means

Do males go to the doctor less often than females?

X =1871, X =2.682

male female

S0 Xdifference = 0.811

Whilst this difference appears to be big, is it systematic or just due to a chance outcome?
- Construct a confidence interval for the difference

- Hypothesis testing allows significant effects to be identified

Regression 1 2006262229 2006262 14.02829 0.000188
- Residual 1219 1743358017 14350154
Xfemale Total 1220 17634.20639
Coefficients Standard Error  £S5tat  P-volue lower 85%Upper 95%
Intercept +2.6818182 0.152370567 17.60063 5.82E-62 2.382881 2930756
V1A LE -0.8107438 0.216461781 -3.74544 0.000188 -1.23542 -0.383506
Xmate — Xremate Confidence Interval

- We are 95%

confident that on average, males pay
between 0.386 and 1.235 less visits to the doctor than females

is a formal approach in deciding if there is a difference between two groups
(Ho) — the conservative view we take unless there is clear evidence to reject it
(H1) — the alternative view against which we are testing the null
Ho: umale = pfemale (that is the mean number of visits is the same for males and females)
Hi: umale # pfemale (thatis there is a gender difference in mean number of visits)
Is the difference “statistically significant”?

- thisis determined by looking at the p value of the output
- reject Ho if p value < significance level (usually 0.05 or 5%)
- the p value is the probability of a value this far or further from Hoassuming Hois true



Difference in Proportions

» For Doctor’s visits, construct a variable = 1 if number of Doctors visits = 0, and = 0 otherwise
» Regress on intercept and Male dummy variable

R af 55 M5 F gnificonce F
Pl‘DpUl‘tan of females Regression 1 0234354 9.234354 4042784 2 BAE-10
] .. Residual 1219 278438 0228415
with no visits — _ Total 1220 2876724
lef 1n pl‘DpOl‘tlon T _ Coefficientandard Err T Stat P-vaiue lower 5% U pper 95%
Intercept  0.293831 0019256 1525898 305E-48 0.256052 033161
(I\Jale — Female) NALE 0173937 0.027356 6.358297 288E-10 0.120267 0.227607

» 29.4% of females had no doctor’s visits
» 46.8% of males had no doctor’s visits
> 95% confident that the difference in proportions is between 12% and 22.8%

Hypothesis
Ho: Tmale - mtfemale=0
Hi: mmale - mfemale = 0

P value = 0.000000000288, therefore reject Hoas there is a clear difference

How Regression Works
x  Aregression model defines a linear relationship between Y and X, with an error e
y=Ppo+pix+e

x  For this example, whenx=0,y=f,+e (B, is the mean of y when a person is female, the proportion of
females who never visited the doctor)
x [, is the difference in proportion for males compared to females

Hypothesis Testing in more Depth

Consider estimating the population mean with the sample mean X and using the estimator to teste the following null
hypothesis.

Ho:n=0 This hypothesis can be tested using the p value approach. A p value less than the significance
Hi:p#0 level suggests we should reject the null hypothesis.
X output produced by using the column of 1’s on
T CoefficientsStandard Error & Stat P-value lower 95%Upper 5% .
Tntercept 0 #NJA #NJA O ENFA HNJA ENJA the X variable

Ve an 22800985 0.108302835 2095624 1.56E-83 2.066637 2.45356

Reject the null hypothesis as p value is < 0.05
P-value for testing Hy:u = 0



Errors in Hypothesis Testing

Type | Error: where you reject Ho when Ho is true (occasionally when we pick up a problem but there isn’t one)

%+ significance level = the probability of a type 1 error (most commonly 5% of the time)

Type Il Error: where you don’t reject Howhen Hois false (sometimes it takes a few days to pick up a problem)

- Choosing 10% means we reject Ho when we have some evidence that it is false

- Choosing 5% means we only reject Howhen we are reasonably confident that is it false (most common)

- 1% means we want convincing evidence before rejecting Ho
A smaller significance level reduces Pr(type 1 error) BUT increase Pr (type Il error)

T Statistic Approach to Hypothesis Testing

ANOVA Degrees of Freedom
_ df 55 M5 F gnificance F
X - Regressic 1 6347.793612 6347.794 439164 1509E-83
. Residual 17634 20639 14.454327
Total 1221 23982
S/ Coefficientsstandard Error ¢ Stat P-vaolue lower 85%Upper 85%
\[ﬁ - Intercepty 0 E E #N /A HNJA HNJA

Me an 22800083~ 0.108802835 2005624 1.56E-83 2.066637 2.49356

t-statistic for testing H{',:ﬁ =0

> T-stat: guide of how close we are to the mean, if t-stat is close to zero don’t reject the null

t — stat = E-Ho)
I

Uo is the value of u when Ho is true
S/\/ﬁ = the standard error

A\

The t-stat produced by excel assumes g, =0

The further X is from Uo, the further the t stat is from zero

Use a critical value to determine how far the t stat needs to be away from zero to reject the null
If t stat > critical value, reject Ho

YVVVY VY

The critical value is found from the student’s T distribution

s ~Student's t withdf =n—1

t — stat =
s/\n
T 1
A big negative or a big positive value both
Do not reject indicate evidence against Ho
/

[ Reject

-t t
N N

Critical Values



- Sometimes we know the direction of the alternative hypothesis, so we want to perform a one-sided test
- example: Ho: p =0 against Hi: u >0

- the only difference is the critical value, as all the probability is in one side of the t-distribution

- calculate the t statistics, see which direction the alternative view follows

- critical value will be closer to zero than for two sided test

One Sided Hypothesis Test — P-value Approach
Excel assumes a two sided test so we need to;
1. check which side of ug, X is to see if there is any evidence against Hoin the direction of H1

example: if alternative is Hi: i > 0, then X values that are less than zero provide no evidence against Hoin the
direction of Hi (looking for positive X values)

2. if X does vary from p, in the direction of Hi, halve the p-value in Excel output, and perform the test with the

smaller p value
example: p value in excel gives 1.56 x 10783

change to 1 sided value (divide by 2) =0.78 x 10783 or 7.8 x 10782

Data Analytics Models — Linear Regression Model
Output (Y) — an outcome of interest
Inputs (X) — one or more variables that we believe cause Y or may be used to predict Y

Process — linear equation

Outcome Causal Variables
yv=B+px+Lx,+. . +Bx +e
Parameters Error
The model is: V=0, + X + LX)+t B X,

» Therefore, the error e is the difference between the actual data value (y) and the model’s prediction ( y)

>  Byis the models prediction of y when all x values = 0

» [, is the change in the model’s prediction for y for a one unit change in x:leaving other x’s unchanged
(similar interpretations for the rest of the parameters)

Lecture 8 Worked Example

+ Asimple Linear Regression Model for Child Reading Score
#+ Y = child’s reading score (for ages) out of 100

#+ X = hours of TV watched in an average week

#+ Output from Excel’s Data analysis, regression;



Coefficients Standard Emor  t Stat  P-value Lower 95% Upper 95%
Intercept 4392091983 1.012263583 43.38882 25E-290 41.935717 45.906123
Hours TV -0.331215291  0.045417012 -7.29276 4 36E-13 -0.420285 -0.2421456

Model: y =43.92 - 0.331x
Intercept: B, =43.92

The average reading score amongst children who watch no TV during a typical week is estimated to be 43.92 out of
100.

HoursTV: B, =-0.331

Take two children, the first of whom watches 1 more hour of TV per week than the second. The model predicts the
first child to have a reading score 0.331 (out of 100) lower than the second child who watched less TV.

Is this effect statistically significant? Perform a Hypothesis Test
1. Formulate Null and Alternative
Ho:Bi=0 Watching TV has no impact on a child’s reading score
Hi: g, #0 Watching TV does have an impact on a child’s reading score
2. Decide a “significance” level
Test at 5% significance ie. o = 0.05
3. Calculate the p-value
P value from output = 4.36 x 10~13
4. Make a decision
The decision rule is to reject Ho: ;=0 if the p value <a
Since 4.36 x 10713<0.05, we reject Hoand conclude that watching TV does have an impact on a child’s reading score

#* How can the effect of TV not be practically important but statistically very important? May need to add in
other explanatory variables and perform a multiple linear regression

Multiple Linear Regression for Income in South Africa — Lecture 9

< We are interested in the factors that contribute to variations in income for all employed South Africans
< What sort of independent variables should we use?

Years of Education (Continuous variable - change in x by one unit and how it affects y)

Age and Age squared (Quadratic — reasonable to expect age to have a non-linear effect on income)

Gender (2 category dummy — male = 1 if the person is male, 0 otherwise)

Rural Area (2 category dummy —rural = 1 if the person lives in a rural area, 0 otherwise)



Formal Sector Work (2 category dummy variable — formal = 1 if the persons occupation is considered formal, 0

otherwise)

Racial Group (multiple category dummy)

> Asian = 1if the person is officially classified as Asian, 0 otherwise

> Black = 1 if the person is officially classified as Black, 0 otherwise
» Coloured =1 if the person is officially classified as Coloured, 0 otherwise
» White = 1 if the person is officially classified as White, 0 otherwise

We need to leave one of these categories out as the “base” person

Summary Output

Regression Statistics
Multiple R 0.45832025
R Square 0.21005745

Adjusted R Square 0.20978353

Some things to note from this output

= All our explanatory variables are highly
significant, meaning they all help to
explain income

» RZis poor (only 21% of the variation in
y can be explained by the variation in x)

766.8689 0 = Astandard error of 2953 Rand is
extremely high, considering the overall

mean income is 1992 Rand

Standard Error 2953.10043
Observations 25065
ANOVA
df SS MS F Significance F

Regression 9 60189403947 6.69E+09
Residual 25955 2.26348E+11 8720802
Total 25064 2.86538E+11

Coefficients Standard Error _ t Stat P-value  Lower 95% Upper 95%
Intercept -4024.90727 230.2115478 -17.4835 4.7E-68 -4476.13464 -3573.6799
Years education 155.298602 5.575820719 27.85215  3E-168 144.3696845 166.22752
Age 160.25091 11.78286097 13.60034 5.55E-42 137.1558508 183.34597
Age2 -1.6572072 0.150502523 -10.3467 4.84E-25 -1.85220047 -1.2622139
Male 702.109899 37.85555529 18.54708 268E-76 627.910916 776.30888
Rural -167.603349 43.26951229 -3.87347 0.000108 -252.413987 -82.792711
Formal sector 464 462196 42.04836341 11.0459 2.65E-28 382.0450768 546.87931
Asian 861.094517 98.35219265 8.755214 2.16E-18 668.3187776 1053.8703
Coloured 169.063625 48.93105339 3.45514 0.000551 73.15605294 264.9712
White 2817.52716 _ 60.92993739 46.24208 0 2698.101109 2936.9532

Intercept: bo = -4024.9 (this intercept makes no sense to interpret)

Years of Education: b1 = 155.3

Take two people, who are the same age, same gender, live in the same area, are employed under the same

employment sector and are the same race, except one has 1 more year of education than the other. The model

predicts the person with the extra years of education to earn 155.3 Rand per month more than the person with the

lesser education.

Age: b2 =160.3 and Age Squared: b3 =-1.6

Need to interpret these both together and physically calculate how 9 changes with different values of age. Plot a
graph and interpret (ie. 20-65 years of age, 12 years of education and all other variables = 0)
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The inverted U shape makes sense, as bz2is a large positive and b3is a

small negative. For small ages values b2 component dominates whilst b3
dominates that larger age component. The turning point makes sense too,
once someone reaches the age of 50 they may reduce working hours, may
not get anymore promotions etc.



Male: bsa = 702.109899

Take 2 people the same in every other respect (age, education, rural/urban, employment sector, and race), except
that one is male and the other is female. The model predicts the male to earn 702.1 Rand per month more than the
female

Rural: bs = -167.603349

Take 2 people the same in every other respect, except that one lives in a rural area and the other lives in an urban
area. The model predicts the rural resident to earn 167.6 Rand less per month than the urban resident

Formal Sector: be = 464.462196

Take 2 people the same in every other respect, except that one has a formal sector job and the other has an informal
sector job. The model predicts the person working in the formal sector to earn 464.5 Rand more per month than the
person working in the informal sector

Race Dummies
Asian: b7 = 861.094517
Coloured: bs = 169.063625

White: bo = 2817.52716

Take two people the same in every other respect, except that one is Asian South African and the other a Black South
African. The model predicts the Asian South African to earn 861.1 Rand per month more than the Black South African

repeat for coloured and white

- the parameters of the model are population values and are unknown

- use the sample to estimate these parameters (with hats on)

- toreflect the fact that sample estimates are only estimates, one can use sampling distribution theory to;
» Construct confidence intervals for the true slope parameters
» Test hypotheses about particular values for parameters

Residual 1214 1714104 1411348

Estimates of Total 1220 176321
Pa]‘.‘amete]‘_'s - Cdefficieryandard Err t5tat P-value LDW;(QE%U’,Q,G?NQE%

Intercepy 3.877565 \D.545068 7.297379 5.08E-13 290B1E6 5.045044
EDUC [ -0.14278 Bo46E74  -3.059 0.002269 [-0.23435 -0.0512)
MALE | -0.75453 1.215834 349587 0.00048/ -117798 -0.33108
Income|  B4E-05 0000123 068070 0495134 -0.00016 0.000326
SUMMER 0222004 $.349067 0.535091 0524902| -D.46284 0006845
AUTUMN, 0.065177/ 0.2398 0.27179%9 (.785823 \-0.40529 053564/
WINTER \1L778408 0.547687 3.247122 0001198 (J03888 2852504

Confidence Intervals for parameters

Example: Estimated slope parameter (and its confidence interval) for male suggest:

Take two people of same income, education and at the same time of year, but one male and one female. We are
95% confident the male will make between 0.33 and 1.18 fewer doctor’s visits per quarter, on average.



Example: Does lack of income limit people’s ability to visit the doctor? Is there an income gradient for access to
health services?

- If yes slope parameter for income will exceed zero

- Ho:Bs3=0 wvs Hifs>0

- B3 =0.000084 which is away from zero in the direction of Hi, so we need to calculate the p value (dividing by 2
because it is a one-sided test)

- pvalue=0.496/2 =0.248

- pvalue is much bigger than 0.05 so do NOT reject Ho

- There is no evidence of an income gradient for health

Careful thought on the selection of X variables (are the main important factors taken into account?)
- Hypothesis tests for relevance of variables

Two guides to “goodness of fit:
- R?
- Standard Error

Example: Number of Doctor’s visits per quarter

R 2 Regression Statistics
I ) Multiple 036231
REguarel 0.077966

Adjusted | 0:323152
Standard ff3.757588)

Standard Error — Sbsneih uuf

R? — measures the proportion of variation in y that is explained by the model
The closer R? is to 1.0, the better the model. An R? of zero indicates a model explains nothing of the variation in y
R?=0.028

This value suggests that education, gender, income and season (all the x variables) can only explain 2.8% of the
variation in number of doctors’ visits people make

% Adding more x variables always increases R? so it is an unreliable way to determine which x variables to
include. Use hypothesis test for that purpose

Standard Error — measures the standard deviation of the estimated error term from the model

» Since the error term has a mean of zero, the standard error is the “square root of the average squared
error”; a good guide to how big the typical error would be if we used the model to predict y

Standard error = 3.76 doctors’ visits per quarter

Is this error big or small? (compare to the mean)

R/

+» Since the average number of doctors’ visits is 2.28 per quarter, this is actually a big error! It is hard to predict
peoples visits to the doctor just based on an few demographic characteristics



«» This model is not much use for predictive analytics (using it to predict people’s behaviour, shouldn’t
stereotype based on gender, education and income)

«»* But this model is useful for Prescriptive Analytics; we learn a lot about variations across income, education

and gender that inform public health campaigns, health funding models etc.

Regression Models for Prediction

Prediction with models is mostly used to predict future values — “Forecasting”

- Time Series Models include specific set of X variables that capture the main features of Y
- Most common features to capture —trend and seasonality

Trend — long term steady pattern in how a series evolves over time. Usually need 15-20 years of data to identify a
trend

Annual Expenditure on Health Care
sa000 $ millian

linear trend -

Ve = Po + Pit .

10000

5000

Quarterly Expenditure on Food

21000 S million

Seasonality — a pattern that recurs in regular intervals across time
(monthly, quarterly)

- inthis graph there are three low quarters with a peak quarter 11000

Cyclical — a pattern that occurs with peaks and troughs that takes over a year

Weird — any outliers or irregular components of the plot?

[ A ] B [ c [ b [ E [ F ]
Food
Linear Trend Model with quarterly seasonality Expenditure
1 Quarter Sm t a1l Q2 a3
Ve = Bo + Prt + B2Q1¢ +B3Q02; + 403, 2 Sep-1389 - 0 0 L
T S 3 |Dec-1985 12047 2 0 0 0
4 Mar-1986 11118 3 1 0 0
5 |lun-1986 11190 4 0 1 0
6 |Sep-1986 11143 5 0 0 1
7 |Dec-1986 11922 6 0 0 0
112 Mar-2013 20789 111 1 0 0
113 Jun-2013 20593 112 0 1 0
Interpretation: 114|Sep-2013 21175 113 0 0 1
115 Dec-2013 22552 114 0 0 0

Coefficients Standard Error t Stat P-value  Lower 95% Upper 95%

Intercept 10672.5973 165.5211688 64.47875 1.23E-88 10344.53972 11000.6549
t 890.8392857 1.896164706 47.37947 1.48E-74 86.08114891 93.5974225
Q1 -1168.86515 176.5063532 -6.62223 1.38E-09 -1518.695 -819.03529
Q2 -1299.133 176.4961679 -7.36069 3.66E-11 -1648.94267 -949.32334

Q3 -989.643473 174.9513811 -5.65668 1.26E-07 -1336.39142 -642.89552




Intercept: the estimated trend value of the series at time at time t=0 (quarter 2, 1985) is $10,673m

t: the estimated average quarterly growth in the series, after adjusting for seasonality is $89.8m

Q1: the estimated food expenditure in quarter 1 is $1169m less than quarter 4, after adjusting for trend
Q2: the estimated food expenditure in quarter 2 is $1299m less than quarter 4, after adjusting for trend

Q3: the estimated food expenditure in quarter 3 is $990m less than quarter 4, after adjusting for trend

Forecast the Australian food expenditure for Q1 2014:
v t=114 corresponds to Q4 2013, therefore t=115 corresponds to Q1 2014

v 9115 =106734+90 X 115 — 1169 x 1 —1299 x 0 —990 X 0 = $19835m

Forecast Accuracy:

= Mean Method —just calculate the average between peaks and troughs and roughly estimates

= Naive Method — doesn’t take into account seasonality, it predicts the future based on a recent past ie. from
Sunday to Monday

= Seasonal Naive Method — Takes into account seasonality and predicts the future based on previous results
for that period, ie. Monday to Monday

for quarterly beer production

~——  Mean method
| —— Maive method
| —— Seasonal naive method

T
2000 2005

Extensions: Quarterly Expenditure on Health Care
S million
14000

With this series we may need to deal with:
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Tricky Questions throughout Revision

Expected Value — “average”

Denote:

r the effective interest rate per annum

P the (known) probability of being alive t years into the scheme

The probability distribution for payments in a particular year, Year t, in present value terms, is:

X Pr{X)
S0 1-p'
$20,000 / (1+r)' p'

What situation do the two x values represent?

SO — represents adults who are not retired yet as they won’t be receiving the payments until they invest their
superannuation into the company or it could be they passed away

$20,000/(1+)°  _represents adults who are retired and have invested a lump sum with the fincance company, and
who will receive payments of $20000 in the present value at t years with the effective interest rate per annum.

Calculate the Expected Value of X in Year t
E(X)=(0 x1—p") + (20000/(1 + 1)t x pb)
=20000 pt/(1 + 1)t

For most values of t and p, the Expected Value of X in Year t is not actually a value that X can take. Explain carefully
what is meant by the Expected Value of X

The expected value is a weighted average of $0 vs $20000. The average could be $16000

A simple random sample size of n that is X1, X2, X3.... Xn is taken and the sample mean X, is calculated. Let p denote

the population mean of X.

Show that E(X) =

E(X)=p What does this mean in practice?
E(X) = E(lZ xi) If you calculate the mean of many sample
n sizes of n and then you calculated the

L (X x0) expected value of these means (average of
n the means) you should obtain the true
1 . i

== nE (xi) population mean
1

= ?:1#

= n nu

= p



Coefficients Standard Error t Stat P-value Lower 95% Upper 95%

Intercept 158.73135 2455982767 6.463048 B.34E-10 110.2880282 207.17468
Time 0.2395433 0.108872846  2.20007 0.029001 0.024781977 0.4543047
February -54.7971%91 31.35758453 -1.74749 0.082159 -116.648834 7.0544529
March 15.4920%3 31.35815161 0.494037 0.621848 -46.3606693 77.344855

Time variable — On average rainfall increases by 0.2395mm per month, after adjusting for seasonality

The p value for time is 0.029001 which is below a significance level of 0.05. In this case as the p value < significance
level we would reject the null hypothesis and conclude that the average rainfall increase has an effect on child health
in Aceh. The higher the rainfall each month the more crops will flourish improving agriculture and thus improving
children’s health.

October 1.9070521 31.372703 0.060787 0.951592 -59.9744121 63.788516
November 54.015156 31.37625256 1.721528 0.086774 -7.87338802 115.%037
December 21.671495 31.3802555 0.690609 0.45065 -40.2248739 83.567864

Estimated Coefficient of November: In the month of November each year, the average rainfall is 54.015mm higher
than the rainfall in January, after adjusting for the trend

The p value for November is relatively large. Explain carefully what this means about rainfall in November.

The p value of 0.086774 is greater than a significance level of 0.05. Therefore, we would not reject the null
hypothesis that the coefficient equals zero and conclude that there is insufficient evidence that there is a difference
between November rainfall and January Rainfall

Why is the median used instead of the mean in some cases for the measure of central tendency?

Extreme values (outliers) on either side of the distribution can pull the mean up or down (ie. if there is skewness).
Therefore, the mean can be distorted by these values and thus the median will be a better measure of central
tendency. Data like house prices and income will carry high and low extreme values based on the locations the
houses are in and the types of jobs people have, thus the median will be a good indication of central tendency in
these cases

Population Parameter: is a measure calculated from all the possible observations in a population of interest

Sample Statistic: is a measure calculated from a subset of observations in that population and used to estimate an
unknown population parameter

Non-technical explanation of confidence interval: We are 95% confident that the true mean lies between $12.40 and
$17.80

Technical Explanation: If we were to take all possible samples in the population of the same sample size (i.e.
repeated sampling) and calculated 95% confidence intervals for each sample, 95% of those intervals would contain
the true/population mean

TP for quadratic variables: x = -b/ 2a
Age =160
Age squared = 1.56

x =-160/ 2x-1.56 ~ 53 Therefore the income is at its maximum at around 53 years of age



Tricky Question

2 3302.0.85.001 Life Tables, Australia, 2004-2006

3 Table 1 L{fe Tables, Australia
4 Males Females

5 Age Ix ax Lx ex Ix ax Lx ex
6 [0 100000 000542 95520 T0.7 100000 0.00451 95602 8.5
7|1 99458 0.00042 $8422 781 99%4g 0.00024 99531 829
8 2 99414 0.00024 93401 77 88515 0.00022 99504 819
9 3 99330 0.00019 99380 76.2 99494 0.00017 99485 80.9
10 4 983 0.00016 99383 75.2 98477 00014 §8470 789
11 s 9928 0.00014 99248 742 99482 0.00011 go2c2 789
12 & 99341 0.00012 99335 732 98452 0.00009 99448 778
1317 99329 0.00011 89323 722 98442 0.00008 §8439 769
14 8 99318 0.00010 99312 71.2 99438 0.00007 §9421 76.0
15 9 89307 0.00010 99302 70.3 88428 0.00007 99424 75.0
16 10 99297 0.00010 §9292 £9.3 98421 0.00007 88417 740
17 11 88287 0.00011 §9282 68.3 98414 0.00007 g8 73.0
18 [12 99276 0.00012 99270 67.2 99407 0.00008 99403 720
19 13 93264 0.00014 93258 6.3 99399 0.00010 99284 71.0
20 14 $9251  0.00018 88243 653 §9289  0.00013 89283 70.0
21115 98224 0.00022 99224 842 98376 0.00018 99268 €8.0
22 18 99213 0.00032 99188 833 98358 0.00022 99248 8.0
23 117 88181 0.00050 99158 823 89336 0.00026 88224 67.0
24 |18 29131 0.000€5 99100 1.4 992310 0.0002% 9929¢ g5.0
25 119 89066 0.00075 89030 604 88282 0.00030 99267 851
26 120 98992 0.00080 98953 §9.5 98252 0.00030 88237 g4
27 |21 88912 0.00081 98873 §8.5 88222 0.00030 §9207 63.1
28 22 98832 0.00081 898792 §7.5 99182 0.00030 88177 621
29 22 QR782 0 00081 Q8712 LR Q0182 0 00030 e0148 811
30 [2¢ 98672 0.00082 98832 §5.6 89132 0.00020 88118 60.2
3128 98591 0.00084 98550 47 89102 0.00031 99088 £9.2
Recall that gx can be defined as Pr (Dying in next year | Age=x)

i What is the probability of a male dying in the first year of their life? (1 mark)

Pr(Dying in first year of life | age =0) =0.0054
ii. What is the probability of a male dying in the second year of their life? (1 mark)
Pr(Dying in second year of life \ age=1)=0.0043
iii. Calculate the probability of a male dying in the first two years of their life? Hint: It is not correct to just add

the answers to parts i. and ii. (3 marks)
Pr(die in year 1 | age =0) + Pr(die in year 2 n didn’t die in year 1)
Pr(die inyear 1 | age = 0) + Pr(didn’t die in year 1) x Pr(die in year 2 | didn’t die in year 1)

=0.00544 + (1-0.00544) x 0.00043

Recall that ex is the expected value of the number of years a person will live, for a person whose current age is x

iv. Based on these values, what is the life expectancy of a 25 year-old male, and why is it bigger than that of a
male aged zero? (3 marks)

Life expectancy for a 25 year old male =25 + 54.7 =94.7
Life expectancy for a O year old =0 + 78.7 = 78.7

The life expectancy for a 25 year old is bigger than a male aged zero because they have a stronger immune system
built over the early stages of life



Suppose you were offering a simple life insurance policy, which has a one-off premium P, and if a person dies in the
next year, there is a fixed payout at the end of the year. This payout has a present value of $10,000. The premium is

allowed to vary with gender and age

V. Use the Principle of Equivalence to calculate the premium P for a policy offered to a 20 year-old female.

Show your working. (5 marks)
Pr (died in year 21 | age = 20) = 0.00030
Pr (didn’t die in year 1 | age =20)=1-0.0003 = 0.9997
Principle of Equivalence: Expected payout = Expected Income
E(payout) = 0.00030 x $10000 + 0.9997 x SO

P = E(payout) = $3

v. Given the information in the Life Table, which people (i.e. what gender and age range) would have the lowest
premium? Who would have the highest premium?

Females aged between 8 and 11 years old will have the lowest premium

Males aged zero years old will have the highest premium

Diversification — Risk and Return — Correlation

Stock example — Week 5

Stock A and C that were performing in the opposite weather conditions would have a correlation of -1
Stock A and B that were performing the same in each weather condition would have a correlation of 1
- If Slisinvested in A and C you will get the same returns regardless ( no risk)

Portfolio P which has half the stocks in A and half in B will have an average return of:

pup =0.5pa + 0.5 ub

Quality Cycle

1. Plan, with use of Baseline Data eg. ask for student evaluations of units, and detect problem with specific
units

2. Act - this might involve some treatment where particular subjects are chosen for a different type of input eg.
we send some of our lecturers to a training workshop

3. Evaluate — collecting some data and comparing results — tests of means and differences of means ( those
who did receive the treatment and those who didn’t) eg. compare improvements for the staff who did the
training with those who didn’t do the training

4. Improve — what factors area within our control actually contributed to the outcomes — regression analysis eg.
student performance as its relates to evaluation scores



