MAYV Solutions to VCAA Mathematical Methods Examination 2 2012

2012 VCAA Mathematical Methods

(CAS)
Written Examination 2

MAY Suggested Answers and Solutions

SECTION 1
Answers
.C 2.E 3. D 4 A 5B 6
7.D 8 A 9.D 10.C 11.E 12
13.B 14.D 15.B 16.D 17.B 18
19.B 20.E 21.A 22.B
Question 1 Answer C
f(x)=-3 sin(%)
The period = 27 =10
4
5)
Question 2 Answer E
f(x)=x"-4x
The average rate of change
_fO)-f1)
3-1
_(27-12)-(1-4)
2
=9
{ImFIW| *Exam2201..CAA w 'm]
Define f{x:|=x3 -4-x Deone
A3l-A1) 9
2
|
2/99
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f(3)-fC1)
2

0

hd

Ala  Standard Real Rad du |

Question 3 Answer D
fi[-2,3)=R, f(x)=x"-2x-8
The x coordinate of the turning point
b 2
"2 2
f)=-9, f(=2)=0
The range is [-9, 0].

BN 7 teemzorcaaw  HIE3
] !
tMinlx2—2x-8 x| 25x<3 x=1
fMaxI\x2—2'x—8,x.’|-2Sx<3 x=-2
x2-2-x-8pe=1 -9
X2 =2-x-8pe=-2 0
|
4199
JEEIEE 5|0 texem2201.canw SR
i3 2Py
Py T T120x)= {x X8, 2%kBo7
\/51, 9]
» -11.9 f2.(-2,0]
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v LT o] T Fawd ?

Define fla)=a"2-2ax-8 -
done
FMINCF(x )y xy =25 3)
{MinYalue=-9,x=1}
fMax(f(x)yxy—243)
{Max¥alue=0,x=-2}
FCL1,-230
{‘9 ’ 6}
hd

| PO L RV Y P, PR VY L)

2

- \_/
-18

Ala Standard Real Rad dim] |

Question 4 Answer A
Using the chain rule

(o))" () ke (")

Question 5 Answer B
g(x) =log, ((x-2)")

Maximal Domain

(x-2)" >0, xeR\{2}

The range is R.

JiEE 5| teemz201.caaw  {IE3

\‘

-

v
text

»
- 0 r o f \
2 f1l_x}=ln[‘._x—2.='2‘:f)

» -6.67

Define a(x)=ln( a-2>"2) |4
done
solve[(x-2)2 >8, x]
{x=2}
0

—

Iy

©The Mathematical Association of Victoria, 2012

Question 6 Answer C

The period of the tan graph is %
The graph of f'can be considered as the graph

of y =tan(2x) translated % units to the right.
V4
Hence f(x) = tan(2(x—z)).

Question 7 Answer D

1 b
Average value = . { (f(x))dx

1 14
S(x) Jdx
14 2J ( )d
=22°C
JIEE 3| texpzorcaaw  HIE3
(14 22
. (
L. = ~If_r—2_1“dr
1 | 112 )]
)2
|
1799

o T ] A Paeind ?
14 o
‘f22—16-cos[%-(t—2)]dt
2

22
&

/T
LN

Ala Standard Real Rad dim] |

OR
The graph of the cosine function is translated

up 22°C and has a period of 2T =24

(w/12)

hours. Therefore, the interval [2,14]covers one

half of a complete cycle and, by symmetry, the
average value must be 22°C.
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Ny Edit Action Interactive

30—+
Region 2 done
22 diff(flard, a) | a=1
0T Region 1 -
b-1
N~ solve| = - =3sb
10—+
b-1
{b=18}
8]
— e A g
4 6 8 10 12 4 16 18 20 22 24 26

That is, from the graph of the function, by

symmetry, the area of Region 1 is equal to the =
area of Region 2, so the average is 22°C. Ala Standsrd Resl Aad Gml |
Question 10 Answer C
. 1 b
Question 8 ‘ Answer A Average value = —f(f(x))dx
The graph of fwith rule f(x)=ax’ +bx’ +cx b-a-,
has a local minimum at x = m and a local 1% .,
maximum atx =n as a <0. = a—Of(Sm (x))dx
Hence the gradient of the graph of f'will be 0 )
. =1.298 correct to three decimal places
negative for (—00, m) U(n, ).
SERE Exam22012vcas w {1163
Question 9 Answer D i (a \
y= b - )Cz solve| L { |:sixll':x,‘.|j]2 dx=0.4a
12 Jo |
L = —2x = -1 ,whenx=1 a=-1.29787 or a=1.29787
dx 2Jp-x> b-1
m,xm, = -1
-1 1
mt = — = ——
A /b -1 3 /A More solutions may exist. Try specifying approp...
b-1=3
b=10
NEElmEl o]0 vexam2201 caaw  HHIE3 = =
f l . i 2 =
a‘i[ s _:lbf=1 -1 solve| S £(5|n(x)) dx=8."*
* e {a=-1.29786954, 3=1.2978
i . R _ 0
solve : =—1,bIJ )
We-1 3 |
|
2/99
Ala__ Standard Real Rad ol |

©The Mathematical Association of Victoria, 2012 Page 3



MAYV Solutions to VCAA Mathematical Methods Examination 2 2012

Question 11

X ~ N(252,12%)
Pr(X <a)=0.6

a is closest to 255.0

Answer E

i 2| *Exam2201_cas v  {iIEY
LinvNorm[o 6,252,12) 255.04
|
1/99
nvMNormCDF("L"y 8.6, 12, 25,0 [~
255. B4091652
0
Ala  Standard Real Rad @TLI
Question 12 Answer A
Pr(W,W,L)+Pr(W,L, W)
=1x0.7x03+1x0.3x04
=0.33
Question 13 Answer B
, Pr(B'N A
Pr(B\ 4)= LB O A
Pr(A)
Pr(B'N A)

~ Pr(B'N A)+Pr(AN B)

Question 14 Answer D
Let f{x) = x°, the inverse of y = Jx.
Area of the rectangles
=fM+/2)+fB)+f(4)
=1+4+9+16

=30

Question 15 Answer B

fl(x)=3x"-4

f(x)= f(3x2 ~4)dx

=x —4x+c

An example is shown with ¢ = 3.

JEEEEN o]0 rExam2z01.casw  {IEY
6,671y
A ]
A\ [Bld=-axe3
X‘
-10 1 10
» 5.67]

T

L E
Rad Real

Question 16

Answer D

The graph of /* can be translated up so that the
local maximum turning point is below the x-
axis which means ¢ < 3 or it can be translated
up so that the local minimum is above the x-

axis which means ¢ > 8.
Hence c <0 orc> 8.

©The Mathematical Association of Victoria, 2012
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ey

«[i0] 1 11 |AR2]> *Exam2201.CAA w
6.67 %y
1Y 1

»

Question 17
m 3 X 1
]l
3

Solve =0 for m

m+2

m=-3 orm=1
Whenm =1, x+3y=1and x+3y =1

The equations are the same. Infinite solutions.
When m=-3, -3x+3y=1and x-y=-3
The lines are parallel. No solution.

Answer B

. *Exam2_20..CAA < Lol < |
- ~
x+3 =
solve( mx+3 y=1 {\)})
_\'+(m+2)')2=m
-2 m+1
xX= and y=

m+3 m+3

solve(m+3=0,m) m=-3

solve det( m 3 )=O,m m=-3 orm=1

1 m+2

I =
[ 3/99

W Edit Action Interactive

mxa+3y=1
A+{m+2IX y=m Xy
=2 =l
m+3 e m+3
solve(m+32@,m)
{m=#-33}

cafonl; 2 I

{m=-3, m=1}
0

hd

Ala  Standard Real Rad du |

Question 18

Answer A

Choose a value of @ between 1 and e. The x-
intercept for the tangent is positive which

means A is false.

X S 15| texam2201.CaA w

il E3

&, 67TV

f6l':x:'=tangentLine[jln'Zx),x, 2l
‘f .

» -6.67 -

15(x)=In(x) x|

10

OR
The equation of the tangent is

y=l(x—a)+loge(a), a>0
a
When x =0
0=l(x—a)+loge(a)
a

x=a-alog,(a)=>b
Ifb<0, alog,(a)>a
log,(a)>1,a>e

©The Mathematical Association of Victoria, 2012
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[ B8] 1 20]» Examzz01.canw  {HEY
I3 £ N
i | P
tangentLinellnlx)x,z) £+ln|:a,|—l
S a
[x o =-a-(Inla)-1)
solve| £+1n|:a:|—1=0,x A e

! P g B \
solvel-z-{Inla)-1)<0,a

a=e

3/99

«e(tanLine(1n(x), x,a)=08,x)
{x=-a-1n(a)+al}
solve(—a-1n(a)+ali,a)
{arel
tanLine(1n(x),x,2)

ry

—

-3

Question 19

L E
Rad Real

Answer B

flx) = cos(x) is negative in the second quadrant
and positive in the first and fourth quadrants.
Hence f(x-6)=-f(6) and

Sl -0)=-f(-0).
78] 10> rExam2z201.canw  {IEY
Define /{x:|=sin[x:| Done
fk*—ﬁ'l=ﬂ8.| sin[&)rsin‘l-ﬁ']
Define /‘(x:|=cos|jx:.‘ Done
ﬂn—b"l=ﬁ8.l true
An-6)=A-6) true
|
5/99

Define f(x)=sin(x) 2
done
judge(f(n-8>=-f{83)
Undefined
Define f(x)=cos(x)

done
judge(f(n-8)=-f{8))

TRUE
judge(f(n-8)=-f(-8))

TRUE
|n

hd

Ala  Standard Real Rad du |

Question 20 Answer E
Pr(X>1)=1-Pr(X =0)-Pr(X =1)

=1-(1-p)’p-(1-p)p
=1-2p+2p* =(1-p)’

Question 21 Answer A
dh dV dh

dr dt dV

a_ 300 cm’ / min

dt

EZE:==]rh2, fﬁz =._}7;’h:= 5

dh dV mh

ﬁ=300x ! > =2 cm/min

dt aTx5

Question 22 Answer B

The turning points of the graph of f'are

(a, b) local max and (c, d) local min.
Translate 2 units to the right.

(a +2, b) local max and (c + 2, d) local min
Make positive

(a + 2, b) local max and (¢ + 2, —d) local max
Reflect in the x-axis

(a +2, -b) local min and (¢ + 2, d) local min
Local minima at (¢ + 2, —b) and (¢ + 2, d)

An example is shown below.

©The Mathematical Association of Victoria, 2012
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< !Wima]) *Exam2201.CAA W

il &3

158y /

171 =2 +3x%-4x-5

»

N

10

{xfine f(x)=x3+3- %2-4.%-5

~|fCar-2)|
Jex-2)3 430 (x-2)2 4. (-2

N T e

done

v

AN
[ A

Alg

Standard Real Rad dim] |

©The Mathematical Association of Victoria, 2012
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SECTION 2

Question 1

2
a. TSA = 2(xh+%+%) — 6480

2xh +5x% +5xh = 6480
7xh +5x* = 6480
7xh = 6480 - 5x°

6480 - 5x”
h=—"
Tx
b. Solve V(x) > 0 for x.
0<x<36
1] *Exam2VCA..012 w {13
el _c. 2) Done
Define )= 16480-5 2]
14
solvelvix)>0x)pe=0 0<x<36
N

2/99

N/ Edit Action Interactive (%]

ry

o  5.%(6486-Sa2)
ine v(x)-T

done
solve(64890-Sa 238 and A’

{8<{x{36%
0

v
Ala  Standard Real Rad du |

o AV __75x" 16200

dx 14 7

J 11 *Exam2VCA.012 w o0 %
i i
. Sxch6480-552) Done
Define ‘u‘:x,‘=u
14
solve(ﬂix)>0,x:||x>0 0<x<36
AR 16200 75-x*
G 7 14
|
3/99

W Edit Action Interactive

sax{edse-s., i
14
done
solve(v(x)>8,x)| x>0
{B<x<363}

Define w(ard=

Lutan)

—(75.x2-32408)
14
expand(ans)
-75. %2 , 16200
14 7

v
Ala  Standard Real Rad du |

d.Solve d—V =0 forx.

dx
12043
x=123, h=—""2
7
Lt sExam2vca.012 w  {E3
s - 7]
. 7 14
(16200 7522 |
solvel e 19X =0,x|
| 14
x=-12-3 orx=12'\/§
—g02 1203
6480-5x* o [5 el
7°x 7
] v
5/99

©Mathematical Association of Victoria, 2012
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Ny Edit Action Interactive i

solve(6420-Sa 238 and a*
{B<x{363}

(vt

—(75- 2232400
(75.22 )
T

“\dx® .
{z--lz r,x-lz 3
6489 51 6489-5 " |.=12. \'(—

1283
7

o
Al Standard Real Rad gm] |

Question 2

1
a. y=f(x)= +3
2x —
¥
A
10+
8,,
6,,
4,,
(0, 11/4 =3
I2 o (11/6, 0} 4}1 g >
24
44 x=2
b.i.
-2 -1 -1
f’(x) = = —_
11] Exam2vcas oz w  QIEY(2x —4)
 pworas] -
dxl 2x-4 | 2'[)(—2,]2

|\ Domain of the result might be larger than the do...

d
a(f(x))

-1
(x-2)-(2-x-4)

3

-7

L E
Rad Real

b.ii. R™ or (—00, 0)

2 exam2vca.onz W {ilE3
6.67 %y
[ flbd=———
2] 2x-2)?
X"
-10 T 10
» -6.67 1

b.iii. A stationary point occurs when the
derivative is zero. f'(x) never equals zero.

-2
c. m, =— (,
=f(p) 2p_2) 2
The equation of the tangent is
- —_—2(x— )
gy
1
= +3
YAC) e —
_L_3 ——= —(x-p)
Y4 T 2p —4) P
-2 1
y-3= (- p)
2p-4y 2p-4

2p-4)(y-3)=-2(x-p)+2p-4
Q2p-4Y(y-3)=-2x+4p-4

©Mathematical Association of Victoria, 2012
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d. Substitute (—1, %) into

2p-4)Y(y-3)=-2x+4p-4
and solve for p.
p=lorp=5

5 19
f(1)=5af(5)=g

36

ﬂ?lﬁlﬁ] v *Exam2VCA.on2 w {ﬁ]

[_2-;;—4_,‘2 {y-3)=-2x+4p-ape=-1 andy=;

24p-21%=ap-2

solve|.2-f.'p—2]2=4-p_2,p‘| p=lorp=5

1
+
2p-4

3p={15} {%;}

3/99

)=2a+dp-4 | {ar=1, y=7/23 [

(2-p-4)2

2

(2:p-4)2
Z

=4.p=-2

=4-p-2yp
{p=1,p=5}

solve[

1 -
50— 3! {p=1}

N

1 =
omg *31 {p=51

i

v
Ala  Standard Real Rad du |

Lo -

19
&

If the graph of f(x) = ) +3 is dilated by a
x —_—

factor of 2 from the y-axis, then

y' = ! +3= ! +3.

TR
2

This graph then needs to be translated 4 units
to the left and 3 units down to obtain the graph

of g where g(x) = l
X

Hence a=2, c=-4, d =-3
OR

+3 3= !
T R P
From the matrix equation
xX'=ax+cand y' =y+d

y’=i, and let y =
x

Therefore y+d = 1
ax+c
Equate coefficients with y -3 = 1
2x-4

Hence a=2,c=-4,d =-3

Question 3
3

. (1 1
al | —| =—
(4) 64
a.ii. X~Bi(20, l)
4

Pr(X =10) =0.01386...=0.0139 correct to 4
decimal places.

1.1 *Exam2VCA..on3 w {3
binomCdf{20,0.25,10,20) 0.013864
|
1/99

binomialCDf[ 18,28, 28, % ]
8.81386441694

hd

Ala  Standard Real Rad du |

©Mathematical Association of Victoria, 2012
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a.ii. Var(X) =npq = %

1 3 75
AX—X—=—

4 4 16
n=E=25

3

b.i. Let ¢ be a correct answer.
There are two cases.
c'ccce and c'c'cce

1 333 2133
—X—=X—=X—+—X—X—X—
34 4 4 3 3 4 4
9 1 17
=—+—=_
64 8 64
OR
¢, ¢
317 317
Cald 3 _ 48 36
cull 2| 7|17 1
4 3 48 36
17,331
36 4 4 64
4[1—Iﬁl *Exam2VCA.on3 w ﬂn
N3 1]2 3117
4 3 48 36
1 2 17 19
4 3 48 36
17 {312 17
36 ) ”
|
2/99

hd

Ala  Standard Real Rad du |
b.i. 7% x S,

!

Cc. C

1 1

24

1
3 0
o/ |1
4 3
[0.57142...}

3
Cua |4
!

0.4285...

The probability Q25 is answered correctly is

0.5714 correct to four decimal places.

JEEE 2] eemzvcaonzw  IEY
3 12k [0 571429]
4 3| [o 0.428571
12 [1]

4 3
|
199

T2%xsp

[3.5?14285?1‘
0.428571429 |
0 v
Al Standard Real Rad gm] |

©Mathematical Association of Victoria, 2012
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c. Y: Bi(25,p)
25 24 25
Pr(Y > 23) = o4 p (-p)+p
6Pr(Y =25)=6p”
25
(24)p24(1—p)+p25 =6p”, p=0
25(1-p)+p=06p

25-30p =0
_>
P=%

d. Y: Bi(25,p)
Pr(Y =18) = 0.955268....
Pr(Y = 22) = 0.381566....

W: N(a, b*)
20-a_ | 69823....
-4 _30137....

a=24.2462.....=24.246 correct to three
decimal places

b =2.50049..... =2.500 correct to three
decimal places

3 2 BBl < | _eem2veaos v %]

A
0.955268

!
binomCdr( 25%, 18,25
1 )

{ 1
binomcmigs%mgq 0.381566
!

invNorm{1-0.38 156649402957,0,1)
0.301369

invNorm(1-0.95526807234701,0,1)

-1.69823 ™
4/99

14 @Bl tExamzvcaonaw  {IEY
invNorm({1-0.38156649402957,0, 1) =
0.301369

invNorm({1-0.95526807234701,0,1)
-1.69823

20-a

;

25—

solve| =1.6982326770874and = Z
1

a=24.24642702 and 5=2.500497766

v
5/99

ry

binomialCDf[ 18, 25,25, % ]
8.9552680725
binomialCDf[ 22,25, 295, % ]

B.3815664948
«("L"y 1-8.3815664948,1,8)
8.38136913848
invNormCDf("L", 1-8.95526¢»
-1.698232679

%.'%-1 .698232679

2573 5 3p13691848
b =T b
{a=24. 24642703, b=2. 5004»
o
v

Al Standard Real Rad gm] |

Question 4

. 2 1 h
a.l. —=—=—, ]/'=_
10 5 5
adi. V =—ar’h
2
_1(r),
3 25
_zh
75
b. h=10+—— (£ ~1200¢)
1600
When ¢ =20
~10+ —— (20" ~1200x20)
1600
=10-10=0
ci. h(5) =22 _ 6328125
64
lTl *exam2VCA..ond w {ﬁ
Define v‘:x,'J=JM A~
7
Define h[!]=10+m pone
1600
his] 405
64
als) 6.32813

6.328129|

4/99

©Mathematical Association of Victoria, 2012
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3
! _na
Define v(ar)= =

done
. t3-12002
Define h(z)=18+ 1660
done
h(S)
485
64
h(S)
L 6.328125

hd

Ala  Standard Real Rad du |

dVthzdh 3 , 3

c.ii. — =——{f ——
dh 25 dt 1600 4
dv dV dh
@t dh dt
2
_T (3 tz-g,t=5andh(5)=@
25 11600 4 64
=-3.538...

= -3.5 correct to one decimal place
The the rate at which the volume is decreasing
is 3.5 m/min correct to one decimal place.

J 11 e T
pReiviv ) ]
nlis) e
64
nls) 6.32813
6.328125 P
d [vl.x” & f};l(l le_ﬁ and /=5 -3.53828
dx 64
| v
6199

N Edit Action Interactive

3
! na
Define v(ar)= 7S
done
. t3-12002
Define h(z)=18+ 1660
done
h(S)
485
64
h(S)
6.328125

e h(e)) I{z—ﬁ,t—s}

-3.538282482
0

hd

Ala  Standard Real Rad du |

d. Solve h(¢) =2

t=12.167...
=12.2 min correct to one decimal place.
J 1.1 | *exam2VCA.oN w (ﬁ]
T A
#ls) 6.32813
6.328125 6.32813
-3.53828

vwod
L)L) =22 and =5
lYHd .llx 4a

solvel.,hlr,l=2,t‘l

$=-39.0833 or #=12.168 or £=26.9153

7199

W Edit Action Interactive

! _na
Define v(ar)= =

done

3
. t¥-12002
Define h(z)=18+ 1600
done
solve(h(z)=2,2,08,8,20)
{t=12.16799577}
]

Ala  Standard Real Rad du |

e 72) =% w3, W _ 02 m¥imin
75 dt
. 87
time = ——— = — min
75%x0.2 15

©Mathematical Association of Victoria, 2012
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KR | *exam2VCA..ond w a0 x|
solvelilz)=2,¢) A Question 5
#=-39.0833 or £=12.168 or £=26.9153 0 1
¢ a i ex dx = 1— _—
w2l 8n o 2
75 ) ¢
W2 81 .. 1 ]
Lz =2 a.ii. Area = 1-—;, the same as a.i. because f
2 15 e
b and g are inverse functions. Therefore the
' v region for a.ii. is a reflection in the line y = x
9/99 . )
of the region for a.i.
N/ Edit Action Interactive %] |
1
2 adii. Area=1-— + f (ex }Zx
. _na e
Define v(x)——?s 0
done 1
w(2) =e—- —
2 e
e g J1a ] *Exam2VCA..onS w {3
1 0 2
0 » 1-¢
e dx
-2
1 8—8.2
1—\'2+ e’ dx
J O
hd |
Ala__ Standard Real Rad dml |
. 8 .
f. time = (20 -12.167...)+ — = 9.5 min i
15
correct to one deciaml place. N Edit Action Interactive
l 1.1 I *exam2VCA..ond w {ﬁ]
2] 8n A
75
vlr2"J 81
2, Ll —e~2
N T . 1 e 2+1
LY fexdx+fexdx
20-12.168+2% 950752 2 e -
15 €-€
| 8]
v
10/99
N/ Edit Action Interactive %]
v
Ala__ Standard Real Rad dml |
" JIXS
Define v(x)=?—5
done b.i. Solve g(x) = k(x) for x.
w2
2 axa® -4
14 X=——
g 2
1
solve(h(t)=2,2,0,8,20)
{t=12.16799577}
29—:+81'—5” | {t=12.1679957
9.507520312
0
v
Ala__ Standard Real Rad dml |
©Mathematical Association of Victoria, 2012 Page 14
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W Edit Action Interactive

solve(ln(x)=-1n(a-x),x) -
{ _a-\lf 2.4 _a+\l{az-4.
x= 2 s X= 2

solve[az-4>0, a]|a>9
{2¢a}
| ul

hd

Ala  Standard Real Rad du |

LEERE X Exam2VCAons w  {1E3
J 4 Al
» 1 e_e'2

1-e 2+ | e dx

JO
solve'i]n[x:|=-ln'ia—x:',le
-Haz—tl —ajl 2 J;,
FT and -as\|a“-4 Sq orx=—"
| v
3/99

solve(ln(x)=-1n(a-x)yx) A

{ _a-\lf 2.4 _a+\|{az-4.

x= > s xX= 2

]

v
Ala__ Standard Real Rad dml |
s 2

b.ii. a° -4>0

a>2,as a is positive
LEERE *Exam2vCA_ons w  NIEI

A
1-e 2+ | € dx
0

solve|:ln[x:|=-ln(a—xll,x:'

-Na2_4 —a,l 2 \/;,
x=f and -as\|a“ -4 Sgorx=—""

{
solve'-,a2 —4>0,a,] |@=0 a>2

<

4/99

¢. Midpoint = % =2

1 a+\/a2—4+a—\/a2—4 _h
2

2

2 2

a=2\/§

11 ] Exam2vCA ons w  hIE3
\a*-4 -a) a’, &
x=¥ and -aS\/ 2_4 <g orx="—"
solvel.a2—4>0,aJ|a>0 a=2
i ) i ]
| 1 -[Ja2—4 —a) Ja2—4 +a |
solve| —|— —+ =\/;,a
121 2 2 ] ]
a=2~ﬁ
| v
A\ Domain of the result might be larger than the do...
W Edit Action Interactive
solve(ln(x)=—1n(a-x),x) A
a-Ja2-4 a+\|{az-4,
BT T2
a-\ia2-4 a+\ia2—
z_ 2
solve 5
{a=2:\2 }
0
v
Ala__ Standard Real Rad gl |
OR
The midpoint of AB is, by definition

a
, —
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