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Question 1

i. differentiating using the Product Rule
%[x Cos™(x)]= Cos™(x) + x%(Cos‘l(x)) = Cos™*(x) -

S0 _[[Cos‘l(x) —~

X

V1-x?

X de = x Cos*(x)
1- %

'[Cos‘l(x)dx =xCos*(x)+ '[ X

1- %2

X du
Now consider dx letu=1-x*® sotha —=-2x
J- }1_ X2
J' X

dx
_1 1
; de:—%ju 2 du=—-u2=—1-x?
V1- X

SO j Cos(x) dx= x Cos'(x)—+v1— x* as required.

ii.

0.2 0.4

0.6 o.d
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2 2
we require that <1 o 0< <1
0<x’<Y o<x<> so b==
4 2
Haximum
n=1.0zz ¥=4.448
iii. max (1.033, 4.449) so the height is 4.449 m
iv. Y =-2 & =0.472
dt dx|,_,
dx_dx dy _ 2
dt dy " dt 0472
=-4239m/s ]
dv/dx= 472
4x? -
v. f (x)=4x Cos™ X a=0 b=§ n=3 h=b—a—E
9 2 n 2
1 3 5
X = = >
4 4 4

1 1
Cos™ (—) L (—) 5 Cos‘l(
f(x) 36 3 Cos 4 36
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? 4x*  du_ 8x

. 3 [ 4x 9
Vi. A:j24xCos — |dx let u=—— —= 4xdx=—du
0 9 9 dx 9 2

change terminals
3
when X= 5 u=1

and when x=0 u=0

A= 2 J:‘Cosl(u)du from i.
A= g [u Cos™'(u)—+1- u2]:
A= g |(1Cos™ 1-0) - (0-+1)]

9
A= 5= 4.5m* (exactly)

as a check only

TFx1d%=Y.5
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Question 2

a.

i T ={z:3Re(2) - 4Im(2) = 25}
Let z=x+iy Re(z)=x and Im(z)=y

So T isthe line 3x—4y=25 or yz%_%

- . 3 ) . ) 1
This line has a gradient of m= 2 and intersects the real axis ( x-axis ) at (85,0)

1
and the imaginary axis ( y-axis ) at (O,— 62)

Now U={z|z|=|z-6+8i[} Let z=x+iy

X +iy|= |(x—6)+i(y +8)|

X +y?=(x=6)? +(y+8)°  squaring both sides
x> +y2=(x—6)?+(y+8)” expanding

X2 4y =X —12x+ 36+ ¥ +16y + 64

12x—-16y =100
3X—4y=25
so T=U

ii. S={z|z-3+4i|=5}  Let z=x+iy
|(x=3)+i(y+4)=5

\/(x—3)2+(y+4)2 =5
(x=3)°+(y+4)*=25

S is the circle with centre (3,—4 )and radius 5
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R={z:(z- 3+ 4i)(z- 3— 4i)=25}

iii.

={z(z-c)(z-c)=25}

with ¢c=3—4i sothat CT=3+4i and cC=9-16i°=25
Now (z—c)(z—C)=25 expanding becomes
Z—-7ZC—-2c+cC=25 with z=x+iy Z=x-iy and Z=x*+y

X%+ y% — (X +1iy) (3+ 4i) — (x—iy)(3— 4i)+\25=é6
x? +y? —[3x+ éi€/+4x+4i2y]— [3x—§{y—l\x+4i2y]:0

x> +Yy?—6x+8y=0 completing the squares

2

x> —6X+9+y’+8y+16=25
(x=3)?+(y+4)" =25 is the circle with centre (3,—4 )and radius 5
so S=R

Let z,=7—i substituting z, into S= {Z:| z—3+4i |: 5}
(7—1)—(3—4i)|=|4+3i|=5 so z, lieson S

z, = 7—i substituting z, into T ={z:3Re(2) — 4Im(2) = 25}

3X7—-4x"1=21+4=2550 z, lieson T

Let z, =—1-7i substituting z, into S= {Z:| z—3+4i |: 5}
(1-7i)— (3— 4i)|=|-4—3i|=550 7 lieson S

z, =—1—T7i substituting z; into T ={z:3Re(2)— 4Im(2) = 25}

X 1-4x"7=-3+28=2550 z; lieson T
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iv.

Iln(:].:r...' - .
-2 - O [ 2 3 + = b 7 f'f o A=)
% .-’.____.-'
i 3 k. .
3 \\.\ /-r" f/
, /‘o/ =K
| b= 5} i
[
y
llll =k .-."’_/"
i g ___.-"" Fj
'-.\‘. :-‘ll:'
% & |
T a
T m W - [
I ]

v. 00,0 A(7,-) B(-1-7) C(3,-4)

OA=7i—] OB=-i-7j  OC=3i-4j

- -

KC. C=-12+12=0 so OC isperpendicular to KC
AB = OB- OA

=-8i-6]

= 2(-4i - 3j)

AB=2AC

so A, B, C are collinear
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Now ‘KB‘ =10 it is the diameter of the circle

-

and AC‘ =5 it is the radius of the circle.

Vi. It is the set of points equidistant from both O and D

b. r(t)=(3+5c0s(2t))i+(-4+5sn(2t))] t>0
i x = 3+ 5 cos(2t) y=—4+5gn(2t)
x—3 . y+4
2t)=—— 2t)=—
cos(2t) 5 sin(2t) 5

sin’(2t) + cos’(2t) =1

(y+4)2 N (x—3)2 _1
25 25

= (x=3°+(y+4)°*=25

so P moveson S

ii. r(t)=-10sn(2t)i +10 cos(2t)1'

| £ (t)|= \/100 sin?(2t) + 100 cos*(2t)

| £ (t)] = /100(sin(2t) + cos?(21))
| £ (®)]=+100

| t()]=10

momentum  p=m| 1 (t)|

=2x10
=20kgm/s
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Question 3

a.

i

ii.

bl
.

ii.

no air resistance

s=-100 a=-98 u=0 t=?

1 2
s=ut+=-at
2
—~100=0- 4.9t
t= ,/@ = 4.52 sec
4.9
vZ=U’+2as
vZ=0+2x9.8x 100
=1960
v =++1960

downward speed is 44.27 m/s

with air resistance
by Newton’s Second Law of Motion

5a=5g—0.01v®> using a=v ol

dx
dv_ 49-0.01v*
v - 5 shown
, 4v _ 49-001v°
dx 5
_ 2
% = % inverting both sides
___ v integrating with respect to v
dv  49-0.01v°
Svav 5
X= =———1log,(49-0.01v*) + C
-[49— 0.0v*  0.02 ge( )

5
butwhen x=0v=0 = C=—-1og,49
0.02

X = i|oge 49— iz log, (49— 0.01v*) = 250 Ioge[

0.02 0.0
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Now the hammer hits the ground when x=100

49
100=250 |Oge (m)

10 49

25 —

"~ 49-0.01v?

iii.

_10
49—-0.01v> = 49 >
_10
0.01v? = 49— 49e %

_10
4900(1— e %5) — 40.1924

v=40.19m/s
. dv 49— 0.01v? dt 5
1v. a=—=— J— —_
dt 5 dv 49-0.01v
j‘ 5 dv
49— 0.01v?
by partial fractions S __A + B
yP 49-0.01v> 7+0.1v 7-0.1v
5 _ A(7-0.1v)+B(7+0.1v) 7(A+B)+0.1v(B- A)
49-0.01v> 49— 0.01v? B 49— 0.01v?
5

sothat 7(A+B)=5 and A-B=0 s A=B=_,

5 1 1
t=— + dv
14 7—-0.1v 7+0.1v

t=> [Oil [10ge(7—0.1v) +l0ge(7 + 0.1v)]] +C

but when t=0 v=0 = C=0

(= 50I (7+0.1v)
14 N\ 7-0.1v

(= 25Ioge(7o+v)
7 70—v
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V. when T =? when v=40.1924
t—EIo 70+v
7 e 70—v
5 70+ 40.1924
7 7% 70-40.1924

t = 4.67 sec (correct to two decimal places)

vi now transposing t 2 lo 0tV to make v the subject
. =— %
posing t=—"10ge| —— ]
70—-v
e = —— (70+v) e*® = 70-v
70+v
70e°% +ve*® = 70— v v+ ve® = 70— 70
v(1+e°®) = 70(1-e**)
V=V(t)=1+ew O<t<T

vii.

70

2019 1 \\%’%

as check only

r 4.67

Flotl Flotz Flotz W IHOOL
4 BlExC 1 —e~C -8, | | Amin=0
28R 01+ -8 2| | Amax=d. 67

T e l=1
wz8re pnin= 1o
M= =
Vi Vo 1=16
wWe= mres=]

JECxddx=100,001
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Question 4
i. r.k=0 = 4+4sn(nt)=0 or 4sn(nt)=-4
snat=-1
=2
2
3
t==
2
ii. r(t)=10i + 901' + 47 cos(mt) k

£ (0) =10i + 90j + 47k

|t (0)|= V10? + 90? + 1677
|1 (0)| =91.42 m/s

4
now the angle o at which it is hit is given by tana = %

10? + 90°
o=Tan™ (4—”) —7.0°

V10% + 90°

so o=8° to the nearest degree.
3 . .
iii. [(5)215l~+1351

r(E) =+/15% + 1357

r(E) =136 m
"\ 2

iv. at max height 4 sinat+4 =8 when
sin(nt) =1

m="2
2

1
t==
2

Now [G): 5i+45] + 8k
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Question 5
1 N
P
//
UN
0 mg
ii. resolving perpendicular to the plane N — mgcosf =0

so that N =mgcosé (1)

resolving up and parallel to the plane P+ uN —mgsin6=0
P =mgsind— uN

P=mgsind—umgcos® from() and u=0.5

P = mg(sin6— 0.5 cosb)

iii.

a=1m/s N 2P
uN ] 1=0.5
0
IILS
iv. resolving perpendicular to the plane

N + 2P sin15°— mg cos@ =0 (3)

resolving up and parallel to the plane, using Newton’s Second Law of Motion
2P c0s15°— uN —mgsinf=ma (4)

from (3) N =mgcosf— 2P sinl5° into (4)

2P c0s15° — u(mg cosf — 2P sin15°) — mg sinf = ma

2P (cos15° + u sin15°) — mg(sin@ + u cosd) = ma
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but from i.
P=mg(sin6—05cosf) and u=05 a=1
2ing(sin6 - 0.50086) (cos15° +0.5sin15?) - rfo(sin6 +0.5c0s6) = 1
2g(sin6— 0.5 cos)(cosl5° + 0.5sin15°) — g(sin6 + 0.5cos6) = 1
21.4686(sin6— 0.5c0s0) — 9.8(sinf + 0.5c0s0)=1

(21.4686—9.8)sind— 0.5(21.4686 + 9.8) cosH=1
11.669sin6—15.634cosf=1

V. 11.669sin6 —15.634 cosf=1

solving this equation on the TI-83 with the calculator in the DEGREES mode.

Flotl Flotz Flotz I I HOOL
1Bl EESsind R amin=N
—-15.63d4cosCx amax=2H
~NWzEl Ascl=10
=] Ymin= -2
Wy= Ymax=2
wMe= Yz l=1
W= mres=l

0="56.2
0 =56°
END OF SUGGESTED SOLUTIONS
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