MAV MATHMETH EXAM 2/2008 SOLUTIONS

Mathematical Association of Victoria
MATHEMATICAL METHODS

2008 Trial written examination 2 — Solutions — Multiple choice

SECTION 1

Solutions

1.D 2.E 3.A 4. C 5.C

T E 8. D 9. A 10.B 11.B
13.D 14.E 15B 16.E 17 A
19A 20.B 21.B 22.A

Question 1

Enter data into the calculator and choose cubic regression.

L1 Lz Lz ¢| CubicReqg
I T g=gu E+hw i +ox+d
i 13333 A=, 3333333333
_‘;1 -1 333 bh=-1
m c=1
d=1
Rz=1
LziE) = L]

The exact answer is required.

1
y=§x3—x2+x+l

3y=x"-3x*+3x+3

Question 2

h(x) has factors x, x,(x — b) and (x — ¢).

The coefficient of x* is negative.

Since a > 0, the rule is
h(x) = —ax*(x — b)(x — ¢).

Question 3

fig) = e = ¢ = |

The domain of f{g(x)) is the same as the domain of g(x) : R\{0}.

The range is R".

Answer D

Answer E

Answer A
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Question 4 Answer C
2

f1 (=0, 3] = R where f(x) = (x —3)3 + 1

Lety=(x-3)+1

Inverse swap x and y
2
x=(y-3)3+1

2
(r=3)=x-1
3
¥y —3 =—(x— 1), take the negative square root
3

y=3-(x—1)2

f:[1, ) — R, where f '(x) =3 — (x — 1)%

Question 5 Answer C

At point of intersection:

2xX* +mx=x—8

2x°+(m—-1Dx+8=0

There will be exactly one point of intersection when the discriminant, A, equals zero.

A=0
(m—1—-4x2x8=0
m*—2m—63=0
m-9)(m+7)=0
m=9orm=-"17

Question 6 Answer B
_h(Qx—4)=—h(2(x—2))
The transformation from %(x) to —4(2(x — 2)) involves

A reflection in the x-axis, a dilation by a scale factor of ) from the y-axis and a translation 2 units
right.
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Question 7 Answer E

y
2+

12 -10-8 2 4 4 8 1 x
! o
g=5 L
PEIELAI .

=3

AN

44

Amplitude

-5+

Period = 12
—64

The rule will be of the form
f(x) = asin(n(x — €)) + k.
Amplitude = 3, therefore a = 3.

Translation down 2 units, therefore k= -2.
Phase shift, € = 5.

) 2
Per10d=—7r
n
12:2_7r
n
21
n=——
12
Vid
n=—
6
y
2_.

AT

12 -10 -8 2 4 4 8 N x
o
b i
e=5 _e
P v

T

4 ¥

_5 4
Period[= 12

—64
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Question 8

f:[-m,nt] = R where f(x) = — 4tan(3x)

Qk+1)r

Asymptotes x = keZ

For the given domain there are 6 asymptotes.

Question 9
Reflection in the y—axisof y=e* toy =¢e™

oL 1 :
Dilation by a factor of — from the y—axisy=e¢“toy =e ™

A translation 1 unit left y = e >®*

Question 10

e +be'+1=0

Lete'=p

p+rbhp+1=0

A < 0 for no real solutions
b*—-4=0

Hence {b: 2<b<2}

Also there is no solution at b =2 as
e +2+1=("+1)=0

et #-1

Thus {b:-2<b<2}

Question 11

x> +4x+a forx>0
bx+c forx <0

f(X)={

For f(x) to be differentiable at x = 0, f{xx) has to be continuous at x = 0.

¥ H+4x+a=bx+c
Henceatx=0,a=c

Also lim f7(x)= lim f"(x)
x—0" x—0"

2x+4=>

Atx=0b=4

Question 12

S+ )= hf"(x)+ f(x)
S+ )= f(x) = hf"(x)

=—0.1%

2x+1

z—O.lx%:—i
315

Answer D

Answer A

Answer B

Answer B

Answer A



Question 13

y=x +2x

d—y=5x4+2=2atx=0

dx

The equation of the normal is
1

y=—*

HMalN EAD RUT FUNC

Question 14

2
X

_:1, :x2
y y

Substitute y = x* into p
p=5x+3y=">5x+3x

d—p:5+6x=00rx:—£=—§
dx 2a 6
5
xX=——
6

p has a minimum value when x = oy

Hinirur
A= BEEREET V=208 2EE
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Answer D

Answer E
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Question 15

x=+J(1-1)

dx 1
V=—=—

de  21-1)

dv 1
a=—=—

dt 3

4(1-1)?

Question 16

Frlnt (e (2H~21/1
1+X3: %8512
1.4574538618

Question 17

y = sin(x) is the top curve and y = cos(2x) is the bottom curve.

T /4 RY/4 RY/4
sin( 6) cos( 3) and sin( P ) = cos( 3 )

Area = (sin(x) — cos(2x))dx

ENE] '—,cx".g‘"

S

Answer B

Answer E

Answer A
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Question 18 Answer C
For a probability density function,
Jf(ﬁdtzl.
/2
0+ [ kdr=1
[i]o2=1
/4
—k—(-rmk)|=1
M=
2
(=2
3n
Question 19 Answer A

Let X be the percentage increase in the value of stocks.
X~N@u=>506"=10%

Stocks decrease in value if X < 0.

Pr(X<0)=0.31

orna%cdf(*z??:@
T 3985375322

Question 20 Answer B

This is a problem of selection without replacement. Let S denote dialling Stewart’s
phone number.

1
Pr(s’.s.8)=-xOx1
876

Note from this pattern that the probability that the first, second, third, ..., eighth number dialled is

1 )
Stewart’s number, is 3 each time.

SOLUTIONS - continued



MAV MATHMETH EXAM 2/2008 SOLUTIONS 8

Question 21

2 p(x)=1

h+h2+%—h:1

Answer B

oot
2

h= % (Reject negative solution as 2€[0,1]))
2

p=xp(x)
e 8
12
2 2
V21
2 2
J2 -1




9 MAV MATHMETH EXAM 2/2008 SOLUTIONS

Question 22 Answer A

Let the maximum value of g be 1 unit. For graphs of products of functions, focus on the points
where either function has the value of either 1 or 0. Place a dot on the graph for the product of these
points.

v

Join the dots

Alternatively

The graph of y = f{x) could be y = x and the graph of y = g(x) could be y = |2sin(x)|.

Floti Flotz FlotZ
=X .
\Wa=abs(2sin(X))
sYaBY %Y

Yyl
“Ye=

\We=
The graph of the product is closest to graph A.

SOLUTIONS - continued
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Mathematical Association of Victoria
MATHEMATICAL METHODS
2008 Trial written examination 2 — Solutions — Extended Answer

SECTION 2
Question 1

2
a. Solve i* + (g) = p* for h

oy
4
3’
T4
2

SA = area of the 2 triangles + 3 rectangles
bh +31b =120

J3p?

2

+31b =120

J3p?

2

40 3b

= —_ X7

b 6
240 —/3p
6b

316 =120 -

[ = , 3 < b <9 asrequired

b. V' = area of the triangle x length

J3b 240 NEVS
2

6b

b
==X
2

_ (803 1Y)
8

,3<b <9 asrequired

C. [ N4
(6.80, 78.48)
60 (9, 64.76)

40 (3,48.59)

20

\ A

-1 0 1 2 3 4 5 6 7 8§ 9 10 11

[1M]

[1M]

[1M]

[1M]

[1M]

Correct shape [1A]
Correct turning point (6.80, 78.48) [1A]

Correct end points with closed circles
(3,48.59) and (9, 64.76) [1A]
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d. The maximum occurs at the turning point not an end point.

v 3b°
S (NE
db 8

3b*
Solve 10+/3 — ? =0forb [1M]

2
—%z—mﬁ

b* = @ [1M]

445 .
b =—= as required

i3
h= gb = 2J543cm [1A]
240 — 35
|]=—cm
6b
(240 —80)4/3
_ M
2445 M
_20x i3
NG
_ 4\/5 X i/g

3
4\{5 cm [1A]
31

) b(80\/§ —b?) M)

_4x/§X80

-7 -
4J§X20x/§
3 3

80\3/5 cm’ [1A]

31

SOLUTIONS - continued
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Question 2
aN=Nge"'
140 = 200!

140
m=—log, (2—00)

m = log (&)
‘A7

b.N= Noe””’
—log,| — [%0.595
200e (7) 100
percentage = X
200 1
10
—log,| — [%0.595
=100xe ( ! ]
=81%
la@ke™( -, 5950% 1N
18-73
88.87854576

¢. 80 = 100e™*?

1 80
m=—-—1Ilog | —
0.5 ‘3(100)

t=3.106

It will take 3106 years for 75% replacement.

12

[1M]

[1M]
[1A]

[1M]

[1A]



d.i.

13

At the initial meeting, ¢ = ().
60
B(0)=
() 1+ 3¢
=15

15 “jargon” words were used initially.

60
40 = 1 + 3670.05t
Solving for ¢ gives the result ¢ = 35.84

The buzz word count achieved at 36 months.

EGUATION SOLVER eE/Cl+300 - 8, =6
edni B=a8 (1438 ¥=35.835189384..
-.B5% ) =460 bound={-1g99:1...

OR

iin

olue(sl (1+3e™(
LASEI =48, K. 152

35.83518938
|

Alternatively

60
40 = 1+ 3670A05t

3€—0.0SI — l
2

f=— L e [L
T 7005 8|

t=35.84

The jargon word count achieved at 36 months

“1/.05%1n(1/6)
35.83518935

MAV MATHMETH EXAM 2/2008 SOLUTIONS

[1A]

[1M]
[1A]
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e. For a probability density function

Jf(x)dle
0+Aj(t—1)2dt=1 [1M]

Ax—-=1 [1M]

iRt iCA=10%, 1,1

i . 3333333333
17Ans x

f.u= Jx f (x)dx for a probability density function

1

/,tz_[t(t—l)2 dt [1M]

=0.25

The mean is 0.25 thousand years = 250 years, as required. [1A]

f)‘r‘nlht{}{*ts’i ¥ 1

. 2
]

OR

Flots Flotz Plot:
AWisI(R-152
Y2 BXEY
=
Yy =
“We=
wWe=
Win= Fi(x)dx=.28

10
g. Pr(T > 200)=0.003 (- 10)"dr [1M]
2

Pr(T>200) = 0.512 [1A]
Frlnt VK2, 18D
912
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Question 3

a. X ~Nu=712,0° =20°)
Pr(X < 700) = 0.274

=

700 712

The proportion of cartons less than 700 g is 0.274.

gnrma ledfc =997
Tt 2r4253065

b. X ~Nu =712, 6> =20°)

m 712

Pr(X>m)=0.6

Pr(X<m)=04

m =706.9

60% of cartons exceed 706.9 grams.

én\.ﬂor‘h(.‘lp?iZ,Z
786, 933058

¢. Pr(X <695|.X <700)
~ Pr(X <695 U X <700)
~ Pr(Xx <700)
_ Pr(X <695)
- Pr(X <700)

Pr(X < 695 X < 700) = 0.721

=1
Ll
o3
i
]
Y
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[1M]

[1A]

[1M]

[1A]

[1M]

[1A]
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d. Let Y be the number of underweight cartons.
Y~ Bi(8, 0.274)
(The probability of a carton being underweight was found in part a. to be 0.274)
Pr(Y>3)=1-Pr(Y<2) [1M]
Pr(Y>3)=0.383 [1A]
TRV S N
1-binoheds cB: e

’ . 382636634

Large | Medium
today today

Large
Tomorrow 0.45 0.75
Medium
Tomorrow 0.55 0.25

i. Pr(L,L.M)=0.75 x 0.45 x 0.55

Pr (L,L,M) = 0.1856 [1A]
il. TUE WED THU FRI
045 L
L 075 L
0-75 055 M <
025 -
M 045 L

" §M [1M]

0.75 x (0.45)* + (0.75)* x 0.55 + 0.25 x 0.75 x 0.45 + (0.25)* x 0.75 [1M]
=0.5925 [1A]
Lok A58+, TOEH, 5

S+, 254, 75#, 45+, 2
Dk,
« 3925
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Question 4

1
a.sin(2x)=—
(2x) 5
2= 0 [1M]
6 6
y= LT [1A]
12 12
b.i. A dilation of a factor of 3 from the x-axis [1A]
and a translation of % units to the left. [1A]
(The order does not matter.)
ii.
3
[=3)
lln
(E’ 0]/ 3
0 0.0x 02x 05 04N 05x O6x 0Jx 08x O x
-2
Correct shape [1A]

Correct coordinates for the x-intercepts

5% 0 and [ 22 0 [1A]
12 12

Correct end points with closed circles

(0, 3) and (7[ 3) [1A]
2 2

Correct turning points

(E, 3] and (2—ﬂ, - 3) [1A]
6 3

SOLUTIONS - continued
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c. isin(2x) =2cos(2x)
dx

%2 sin(x)cos(x)
= 2(cos’(x) — sin*(x))

= 2(cos’(x) — (1 —cos’(x))
=4cos’(x)—2

18

Hence 2cos(2x) = 4cos*(x) — 2 as required

d.i. p'(x)= {

2 cos(2x) if sin(2x) > 0
—2cos(2x) if sin(2x) < 0

+y
11.

p
: X
0 0.1x 0.2x W3x 0.4x 0.5x 0.6x 0.7x Ox 09x x
P r
-2

3
4

3

x-intercepts of p”: r
4
Open circles

111.

(sin(2x) — 2cos(2x)) dx

BN ——oy

= 1.5 unit?

fnlntisini2xi-2c
gaﬂZK},Hanf4,nf2

1.5

END OF SOLUTIONS

[1A]

[1A]

[2A]

Correct graph for p [1A]
Correct graph for p” [1A]

[1A]

[1M]

[1A]



