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SECTION A - Core

Data analysis

This section is compulsory.

Question 1 (8 marks)

The data in Table 1 below gives details of 22 businesses which were clients of a particular accountant at a large accounting firm in 2017.
	Client code
	Markets
	Size
	Annual turnover
($’ 000 000)

	RLA459
	domestic only
	small
	1.3

	PAT003
	domestic only
	small
	1.8

	RUS143
	domestic only
	small
	1.2

	TVS291
	domestic only
	small
	1.9

	RBM442
	domestic only
	medium
	3.9

	TLM149
	domestic only
	medium
	3.1

	AST328
	overseas only
	small
	1.4

	ALF143
	overseas only
	small
	1.7

	CAX211
	overseas only
	small
	2.7

	PLY542
	overseas only
	medium
	3.5

	TUS182
	overseas only
	medium
	3.2

	NOL341
	overseas only
	medium
	3.7

	PTC413
	domestic & overseas
	small
	2.6

	BQJ431
	domestic & overseas
	medium
	2.4

	STU874
	domestic & overseas
	medium
	4.3

	DRU431
	domestic & overseas
	medium
	3.1

	INA683
	domestic & overseas
	medium
	3.2

	QTV792
	domestic & overseas
	medium
	5.2

	STP603
	domestic & overseas
	medium
	5.0

	YLA509
	domestic & overseas
	medium
	4.1

	DBM247
	domestic & overseas
	medium
	4.7

	WAL161
	domestic & overseas
	medium
	4.5


Table 1
The four variables in this data set are:
· client code – identifies the business
· markets – where sales occur (domestic only, overseas only, domestic &
        overseas)
· size – size of business (small, medium)
· annual turnover – of the business ($’ 000 000)

a. How many variables in this data set are

i. numerical variables?	1 mark



ii. nominal variables?	1 mark



b. 
Use the data in Table 1 to complete the two-way frequency table shown below.	1 mark

	
	size of business

	markets
	small
	medium

	domestic only
	4
	

	overseas only
	3
	3

	domestic & overseas
	1
	

	Total
	8
	



c. Find the mean annual turnover for these 22 businesses. Express your answer in dollars correct to two significant figures.	1 mark





The dot plot and boxplot below both show the annual turnover of the 22 businesses.
[image: ]











d. What is the range of annual turnovers?	1 mark



e. What is the median annual turnover for these 22 businesses.	1 mark





f. Explain why the mean and the median are both reliable measures of the centre of this distribution.	1 mark





g. Any outliers in this distribution would have to have a value less than the lower fence and greater than the upper fence.
Determine the value, in dollars, of the upper fence.	1 mark






Question 2 (2 marks)

The segmented bar chart below shows the distribution of markets of all the small and medium businesses which were clients of this large accounting firm in 2018.
[image: ]


















a. In 2018 the firm had 340 small businesses which were clients.
	How many of these small businesses had overseas only markets?	1 mark




b. The segmented bar chart indicates that there is no association between the percentage of businesses which have domestic only markets and the size of the business.
Use appropriate percentages to explain why this is the case.	1 mark






Question 3 (9 marks)

A “debt ratio” gives the proportion of a company’s assets that are financed by debt.
The debt ratio for 21 companies and the age, in years, of these companies is shown on the scatterplot below.
[image: ]




















For this scatterplot, 

a. What is the median debt ratio for these 21 companies?	1 mark



b. Use the scatterplot to describe the association between debt ratio and age in terms of strength, direction and form.	1 mark






A least squares regression line is fitted to this data in an attempt to predict the debt ratio from the age of a company.
The equation of this line is 

.

c. Write down the explanatory variable.	1 mark






d. Draw the least squares regression line on the scatterplot above.	1 mark




e. Interpret the vertical axis intercept of the least squares line in terms of the variables debt ratio and age.	1 mark








f. For every increase of one year in the age of a company, what is the predicted increase in the debt ratio of the company?	1 mark






g. Determine the residual value when the equation of the least squares regression line is used to predict the debt ratio when the age of the company is 14.	2 marks








h. The coefficient of determination for the association between the variables debt ratio and age is 0.768.
Interpret the coefficient of determination in terms of these variables.	1 mark









Question 4 (5 marks)

Capital expenditure refers to funds used by a company to purchase and maintain physical assets such as property, buildings, equipment and so on.
Table 2 below shows the annual capital expenditure, in dollars, of a particular company during its first 10 years of operation.
A time series plot for the data is also shown.

           Table 2
	year of
operation
	capital[image: ]

expenditure ($)

	1
	480 000

	2
	380 000

	3
	260 000

	4
	150 000

	5
	80 000

	6
	100 000

	7
	60 000

	8
	50 000

	9
	40 000

	10
	30 000




The association between capital expenditure and year of operation is clearly non-linear.

[bookmark: _GoBack]A  transformation can be applied to the variable capital expenditure in an attempt to linearise the data.

a. Apply this transformation to the data to determine the equation of the least squares regression line that can be used to predict log10 (capital expenditure) from 
year of operation.
Write the values of the intercept and slope of this least squares line in the appropriate boxes given below.
Round your answers to three significant figures.	2 marks



 =                          +                            year of operation



b. Name the response variable for the least squares line equation found in part a.	1 mark






c. The least squares line predicts that log10 (capital expenditure) of the company in its 15th year of the operation will be approximately 3.74. Use this value to find the predicted capital expenditure of the company in its 15th year of operation. Express your answer correct to four significant figures. 	1 mark






d. Explain why this predicted value might not be reliable.	1 mark







Recursion and financial modelling

Question 5 (4 marks)

Joyce opens a savings account that earns quarterly compound interest. She deposits a sum of money into this account.

The balance of the account, in dollars, after n quarters is .
The recursive calculations below show the balance of Joyce’s account after the first and second quarters.




a. What was the sum of money that Joyce initially deposited?	1 mark



b. How much interest did Joyce earn during the second quarter?	1 mark





c. 
Write down a recurrence relation, using the terms , that can be used to model the balance of Joyce’s account after n quarters.	1 mark





d. After how many quarters will the balance of Joyce’s account first exceed $18 000?	1 mark
	





Question 6 (4 marks)

Joyce recently purchased photographic equipment for $12 500. This equipment is to be used in her business and its value is to be depreciated.

a. 
Joyce can use a flat rate method of depreciation where  represents the value of the equipment, in dollars, n years after she purchases it.
The recurrence relation that models this value of the equipment is 


	                                

i. What is the value of the equipment three years after Joyce purchases it according to this model?	1 mark





ii. What annual, flat rate of depreciation does this method represent?	1 mark






b. Joyce’s accountant suggests that she use a reducing balance depreciation method to depreciate the equipment.

Using this method, the value of Joyce’s equipment , in dollars, n years after she purchases it is modelled by the recurrence relation 


                                      .

i. What is the annual percentage rate of depreciation according to this model?	1 mark
		





ii. The value of the equipment using this method can also be given by the rule

							n
		En =                                             


Write the appropriate values in the boxes above.	1 mark


Question 7 (4 marks)

Joyce borrows $90 000 to expand her business. She will be charged interest at the rate of 5.8% per annum compounding monthly. Each month, Joyce will make a repayment immediately after the interest on the loan has been calculated and charged.

a. What will Joyce’s monthly repayment need to be if she is to completely repay the loan after five years?	1 mark







b. Joyce decides to repay the loan fully in four years. To do this she will pay 47 monthly repayments of $2105. Her final repayment will need to be a different amount so that the loan is repaid to the nearest cent.
What will Joyce’s final repayment be?	1 mark













c. Assuming that she follows the repayment plan outlined in part b., how much interest will Joyce pay during the third year of her loan?	2 marks














SECTION B - Modules

Module 1 - Matrices

If you choose this module all questions must be answered.

Question 1 (3 marks)

The government provides funding grants to junior sporting clubs for coaches (C), equipment (E), facilities (F) and for the training of volunteers (V).
Matrix G below shows the number of grants provided last year in each of these four areas.


    

a. What is the order of matrix G?	1 mark




This year, the number of grants provided to junior sporting clubs

· doubled for coaches
· remained the same for equipment
· trebled for facilities
· halved for volunteer training


The total number of grants provided this year can be found by evaluating the matrix product .

b. Write down matrix P.	1 mark









c. 
Let matrix .

When simplified, what does the matrix expression  represent?	1 mark








Question 2 (3 marks)

Five different sporting clubs, including a cricket (C), football (F), lacrosse (L), netball (N) and soccer (S) club share sports grounds and a clubroom facility. Each of these clubs has, in the past, made at least one joint application with one of the other clubs for a government grant.
The number of joint applications made between different pairs of clubs is shown in matrix J below.



a. Which two clubs have never made a joint application together?	1 mark




b. Explain why the leading diagonal of matrix J is made up of zeros?	1 mark








c. What percentage of joint applications made by the netball club were made with the football club?	1 mark






Question 3 (4 marks)

A not-for-profit organisation raises and invests funds in order to promote sport in the community.
Each year it has a total of $120 000 which it can allocate to clubs (C), individual athletes (I) and schools (S).
The organisation can also hold back funds (X) and not allocate them in any given year.
The organisation varies the way it allocates the funds from year to year as shown in the transition matrix T below.




Let  be the state matrix that gives the allocation of funds during the nth year of this organisation’s operation.

Using the state matrix ,  a matrix rule that can be used to find the allocation of funds in the nth year is



a. Of the funds that were allocated to clubs in the first year of the organisation’s operation, how much will be allocated to schools in the second year?	1 mark





b. Write a calculation that shows that $24 400 will not be allocated in the second year of the organisation’s operation.	1 mark





c. In the third year of the organisation’s operation, $13 420 was allocated to individual athletes (I).
Of this amount, what percentage was allocated to individuals in the second year?
Round your answer to one decimal place.	1 mark
	






d. 
Over the long term, what proportion of the total funds available each year will be allocated to schools?	1 mark
Round your answer to two decimal places.










Question 4 (2 marks)

The board of this organisation suggests a different model to manage the allocation of the 
$120 000 each year. 

Let  be the state matrix that gives the allocation of funds during the nth year of this new model’s operation.

The model is defined by the matrix recurrence relation ,





a. Find the value of k in matrix A.	1 mark




b. How much money is to be allocated to schools in the third year of this new allocation model?	1 mark











Module 2 - Networks and decision mathematics

If you choose this module all questions must be answered.

Question 1 (3 marks)

In one corner of a residential subdivision, a display village has been set up.
The graph below shows eight display homes A – H with footpaths connecting them.

[image: ]














a. How many vertices on the graph have an even degree?	1 mark




b. Vesna starts at A and completes a Hamiltonian cycle.
Write down a route that Vesna could have taken.	1 mark




c. Explain why Vesna could not follow an Eulerian trail.	1 mark






Question 2 (3 marks)

Trucks are used to transport excavated soil from the subdivision to a dumping facility.
The graph below shows the number of trucks that can pass each day on roads between the subdivision and the dump facility.

[image: ]















The edges of the graph represent roads and the weightings on those edges indicate the maximum number of trucks that can pass each day. The unmarked vertices indicate roundabouts.
A cut has been made on the graph.

a. Write down the capacity of this cut.	1 mark






b. What is the maximum number of trucks that can pass each day between the subdivision and the dump facility.	1 mark






c. After complaints from residents, the trucks are limited in their movement.
They must move in a convoy passing through the same route, starting at the subdivision and finishing at the dump facility. There can only be one convoy per day.
What is the maximum number of trucks that can now pass between the subdivision and the dump facility each day?	1 mark




Question 3 (4 marks)

There are 11 tasks necessary to complete the subdivision of this land for housing.
These 11 tasks, A – K, are shown as the edges of the directed network shown below, together with the time in weeks that they take to complete.

[image: ]













a. What is the earliest start time for activity G?	1 mark



b. The minimum completion time for the project is 14 weeks. Write down the critical path.	1 mark



c. Four activities in the project have a float time of three days.
Write down these four activities.	1 mark



d. A second subdivision of land has the same tasks that must be undertaken but a dummy activity must be added as shown on the directed network below.
[image: ]













Explain what this dummy activity indicates for this second subdivsion of land.	1 mark






Question 4 (2 marks)

The graph below shows the main sewerage pipes that are laid for the housing subdivision.
[image: ]














The junctions of these pipes occur at the vertices I, J, K, L, M and N. The distance, in metres, along the pipes between the junctions is indicated by the numbers on the edges of the graph.

a. Euler’s formula can be used for this graph.
How many faces does this graph have?	1 mark




b. A camera mounted on a robotic device is sent through each of the pipes to ensure they are sealed. The camera starts and finishes at I, covering as little distance as possible but ensuring it passes through every pipe. It can pass through pipes more than once if necessary.
Find the minimum distance, in metres, that the camera will have to travel.	1 mark





 Module 3 - Geometry and measurement

If you choose this module all questions must be answered.

Question 1 (3 marks)

Greta is travelling overseas.
Her carry on luggage is in the shape of a rectangular prism with a depth of 20 cm, a height of 35 cm and a length of 55 cm as shown in the diagram below.

[image: ]








a. What is the total surface area of her carry on luggage in square centimetres?	1 mark








b. Greta just manages to fit her flute into her carry on luggage. Each end of the flute (which is straight) touches the diagonally opposite corners of the luggage as shown below.
[image: ]









What is the length of Greta’s flute?	1 mark
Round your answer to the nearest centimetre.












c. Greta’s checked in luggage is similar in shape to her carry on luggage and has a volume of 308 000 cubic centimetres.
What is the depth of Greta’s checked in luggage?	1 mark










Question 2 (4 marks)

Greta leaves Melbourne on Thursday 11 April at 2.15pm and arrives in Athens on Friday 12 April at 8.55am. The time difference between Melbourne (38S, 145E) and Athens (38N, 24E) is seven hours.

a. What was Greta’s travel time from Melbourne to Athens?	1 mark







b. Greta watches the sun set at 8.03pm a few days later in Athens.
Her friend lives in Louisville, Kentucky (38N, 86W) and watches the sun set there on the same day.
Assume that 15 of longitude can be equated to a 1 hour time difference.
What is the difference in time between Greta and her friend watching the sun set?
Write your answer in hours and minutes.	1 mark








Assume that the radius of the Earth is 6400 km.

c. Find the shortest great circle distance between Louisville (38N, 86W) and the North Pole.
Round your answer to the nearest kilometre.	1 mark








d. The radius of the small circle of Earth at latitude 38N is 5043 km rounded to the nearest kilometre.
Find the shortest small circle distance between Athens (38N, 24E) and Louisville (38N, 86W).
Round your answer to the nearest kilometre.	1 mark








Question 3 (2 marks)

Greta’s hotel (H) is 250 metres on a bearing of 058 from a recital hall (R).

[image: ]












a. What is the bearing of the recital hall from the hotel?	1 mark






b. Before going to the recital hall, Greta meets her friends at a café (C).
The café is x metres due east of the recital hall and 150 metres from the hotel.
Find the possible values, in degrees, of angle HCR.  Round your answers to one decimal place.	1 mark














Question 4 (3 marks)

Near Greta’s hotel is a square garden of side length 52 metres. A circular pond with centre C and radius 12 metres is in the middle of the garden.
Points A and B lie on the edge of the pond and are subtended by an angle of 83 at the centre of the pond as shown in the diagram below.
[image: ]

















The entry gate to the garden is represented by the line DE and a gravel path leads up to the edge of the pond and is shaded in the diagram.
The distances BD and AE are both 17.01 metres, correct to two decimal places.

a. 
Show that  metres, correct to two decimal places.	1 mark







b. Find the area of the gravel path.  Round your answer to the nearest square metre.	2 marks
















Module 4 - Graphs and relations

If you choose this module all questions must be answered.


Question 1 (3 marks)

Joe runs a painting business. His paint supplier gives him a discount on the price of the tins of paint he purchases.
The size of the discount depends on the number of tins of paint Joe purchases each month.
The graph below shows the discount (%) Joe receives against n, the number of tins of paint he purchases in a month.
[image: ]


















a. What percentage discount does Joe receive if he purchases 27 tins of paint in a month?	1 mark




b. What is the minimum number of tins of paint that Joe needs to purchase in a month to get a discount of 10%?	1 mark




A second paint supplier offers to supply Joe with paint at a discount of 18%, regardless of the number of tins he purchases in a month.

c. What is the maximum number of tins of paint Joe could purchase in a month for this offer to be cheaper than the original supplier’s offer?	1 mark




Question 2 (3 marks)

Joe and his business partner take a bonus for each new job they can bring to the business.
The bonus, in dollars, is related to the amount charged for the job, in dollars.
The graph below shows the relationship.

[image: ]

















a. Joe’s business partner brought a job to the business and received a bonus of $500.
What was the amount charged for this job?	1 mark








b. i.	Find the graph’s intercept on the horizontal axis.	1 mark
	



ii. Interpret this intercept in the context of the amount charged for a job and whether or not a bonus is received.	1 mark





Question 3 (2 marks)

Joe’s costs, C, in dollars, for a job that will take p days is given by the equation 




a. On the grid below, sketch the graph of the relationship between C and p.	1 mark
[image: ]



















The revenue R, in dollars that Joe receives for a job that takes p days is given by where k is a constant.
Joe’s next job will take seven days and he has calculated that he will make a profit of $1450 on it.


b. What is the value of k?	1 mark








Question 4 (4 marks)

Joe’s business paints apartments and houses.
Let x be the number of apartments painted each month.
Let y be the number of houses painted each month.
On average, an apartment takes 100 hours of labour to paint and a house takes 150 hours. There are 600 hours of labour available each month.
On average, scaffolding will be required for 25 hours when painting an apartment and for 15 hours when painting a house.
Joe’s business has access to scaffolds for up to 75 hours per month.
The inequalities representing these four constraints are shown below.




A fifth constraint arises out of a contractual arrangement that Joe has with a builder. 
The inequality representing this constraint is bounded by line L which is shown on the graph below.[image: ]





















a. i.	Write down the inequality that represents this fifth constraint given that the

	point  satisfies it.	1 mark



ii. Interpret this fifth constraint in terms of the contractual arrangement between Joe and the builder.	1 mark







b. How many integer points lie in the feasible region of this problem involving all five constraints.	1 mark




The average profit made by Joe’s business when painting an apartment is $2100 and for a house it is $1500.

c. Find the number of apartments and houses that Joe’s business must paint each month in order to achieve a maximum profit.	1 mark









Further Mathematics formulas

Core - Data analysis

	standardised score
	


	lower and upper fence in a boxplot
	

        

	least squares line of best fit
	


	residual value
	residual value = actual value – predicted value

	seasonal index
	
seasonal index 



Core – Recursion and financial modelling

	first-order linear recurrence relation
	


	effective rate of interest for a
compound interest loan or investment
	





Module 1 - Matrices

	
determinant of a  matrix
	


	
inverse of a  matrix
	


	recurrence relation
	

,      




Module 2 - Networks and decision mathematics


	Euler’s formula
	





Module 3 – Geometry and measurement

	area of a triangle
	


	Heron's formula
	


	sine rule
	


	cosine rule
	


	circumference of a circle
	


	length of an arc
	


	area of a circle
	


	area of a sector
	


	volume of a sphere
	


	surface area of a sphere
	


	volume of a cone
	


	volume of a prism
	


	volume of a pyramid
	





Module 4 – Graphs and relations

	gradient (slope) of a straight line
	


	equation of a straight line
	




END OF FORMULA SHEET


Mathematics Formula Sheets reproduced by permission; © VCAA 2019. The VCAA does not endorse or make any warranties regarding this study resource. 
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